Lecture 6: Linear Quadratic Control

@ Optimal State Feedback u;, = —Lxy,
@ Optimal State Estimation £,_; and &y,
© Optimal Output Feedback up = —L&,—1 and up = —L&y,

Chapters 6,7,8
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Math Repetition

Suppose the matrix @ is symmetric: @ = QT. Then

@ @ > 0 means that x”Qx > 0 for any x # 0

@ True iff all eigenvalues of @ are positive.
@ We say that @ is positive definite.

@ @ > 0 means that x” Qx > 0 for any x

o True iff all eigenvalues of @ are non-negative.
@ We say that @ is positive semidefinite.
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Math Repetition

The trace of a matrix is the sum of all diagonal elements:
n
trace @ = > Q;
i

A useful property of the matrix trace:
trace ABC = trace CAB = trace BCA

Parseval’'s formula: Suppose that f;, and g;, have finite energy
and that their Z-transforms are F(z) and G(z), respectively.
Then

€9 2 ) )
> fige= [ Fe?)Ge?)da/2n
0 0
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A General Optimization Setup

controlled variables z disturbances w
B je—————
Plant
measurements y control inputs u
» Controller

The objective is to find a controller that optimizes the transfer
maitrix G, (z) from disturbances w to controlled outputs z.
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First problem: State Feedback

z=(x,u) X0
- ———
Plant \
state measurement x u
» Controller

(o)

Minimize S (x,{lek + 207 Quouyp + uZQQuk>
0

subject to Xpi1 = Axp, + Buy, xo given

Note: We assume u, = 0 in this lecture
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Dynamic programming, Richard E. Bellman 1957

An optimal trajectory on the time in-
terval [k, N] must be optimal also
on each of the subintervals [k, k+1]
and [k + 1, N].

Automatic Control LTH Predictive Control, Lecture 6



Dynamic programming in linear quadratic control

An optimal trajectory on the time interval [, £ + 1] must be optimal also on
each of the subintervals [k, % + 1] and [ + 1, N].

Let x7'S,x be the optimal cost on the time interval [k, co]:

xTszminiv: [x]T [Ql QIQ] [x] with x, = x
k u % u Q{2 Q2 u k
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Dynamic programming in linear quadratic control

X = x, Xpe1 = Axp + Buy
N T
T — x Q1 Qe x
S £ (&t &) (7)
R xTQllex NxTQllex
== (3 (& &) ()2 (& &) ()

=muin{ [i]T [Qli %122] [z] + (Ax+Bu)TSk+1(Ax+Bu)}

by definition of S. This gives Bellman’s equation :
)T (Q: @ x T
T . 1 12
x Skx—mL}n [u] [sz Q2] [u] + (Ax + Bu)” Spi1(---)
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Completion of squares

The scalar case: Suppose ¢ > 0.

2
ax2+2bxu+cu2=x<a—%>x+<u+%x>c<u+§x>

is minimized by u = —%x. The minimum is (a — b%/c) x2.

The matrix case: Suppose @, > 0. Then

T Qux + 2x" Quu + uT Quu
=x7(Qr — Q@ 1QL)x + (v + Q:'Q%L )T Q. (u + @ 1QL x)

is minimized by u = —Q; Q7 x.
The minimum is x7 (@, — Q.. @;' QL) )x.
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The Riccati Equation

Completion of squares in Bellman’s equation gives

xTSpx = muinxTle + 22T Qrou + uT Qou + (Ax + Bu)TSk+1( ..)
=" <Q1 + AT S 1A — (AT S41B + Q12)(Q2 + BT Sp11B) (.. -)T)
with minimum attained for

u=—(Qz+BTS;,1B) (ATS;11B + Q12)

The equation
Sk = @1+ ATSp1A — (ATSp11B + Q12)(Q5 " + BT Sp41B)(...)"

is called the discrete time Riccati equation

Automatic Control LTH Predictive Control, Lecture 6



Jocopo Francesco Riccati, 1676-1754
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Linear Quadratic Optimal Control

Problem ( N = o0):

00
Minimize Z (x,{lek + ngnguk + uZQQuk>
0
subject to Xpe1 = Axp, + Buy, xo given

Solution: Assume (A, B) controllable. Then there is a unique
S > 0 solving the Riccati equation

S=@Q,+ATSA— (ATSB + @15)(Qz + BTSB) }(ATSB + Q12)”
The optimal control law is u = —Lx with
L= (Qs+ BTSB) 1(ATSB + Q12)”

The minimal value is xI Sx,.

Remark: The feedback gain L does not depend on x,
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Example: First order system

For xp,1 = x3 + up, xo given,

Minimize > (x,% + pu%)

0
Riccati equation S=1+8 s = S—l+ 1+

< - p+S 2T Va TP

Controller L = A (TN 8 u=—Lx

M Al ’ N

gtz tpP

Closed loop xXpy1 = (1 — L)xy,
Optimal cost > <x2 + puz) dt = x{ Sxg

0

What values of p give the fastest response? Why?
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Theorem: Stability of the closed-loop system

Assume that

(@1 Q2
Q_[sz Q2]

is positive definite and that there exists a positive-definite
steady-state solution S to the algebraic Riccati equation. Then
the optimal controller u;, = —Lx;, gives an asymptotically stable
closed-loop system x;,; = (A — BL)xy,.

Proof sketch: If x; # 0 then

= T x5 T Q1 Qi Xk
X4 1S%p41 — X3 SXp = — [uk] [Qsz Q: ] [uk] <0

Hence x7'Sxy, is decreasing and tends to zero as k£ — oco.
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LQ design in Matlab

DLQR Linear-quadratic regulator design for discrete-time systems
[X,S,E] = DLQR(A,B,Q,R,N) calculates the optimal gain matrix K

such that the state-feedback law uln] = -Kx[n] minimizes the
cost function

J = Sum {x’Qx + u’Ru + 2*x’Nu}
subject to the state dynamics x[n+1] = Ax[n] + Bu[n].
The matrix N is set to zero when omitted. Also returned are the
Riccati equation solution S and the closed-loop eigenvalues E:

-1
A°SA - S - (A’SB+N) (R+B’SB) (B’SA+N’) + Q = O, E = EIG(A-B*K).
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Prediction and filtering

* Wiener (1949) Stationary 1/O case
* Kalman and Bucy (1960) Time-varying state-space

Estimate x(%& + m) given {y(i), u(i) |i < k}

Smoothing Iiltering Prediction

A - AW

Signal

Estimate
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Rudolf Kalman, (born 1930)

Recipient of the 2008 Charles Stark Draper Prize from the

US National Academy of Engineering "for the devlopment and
dissemination of the optimal digital technique (known as the
Kalman Filter) that is pervasively used to control a vast array of
consumer, health, commercial and defense products.”
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Norbert Wiener, 1894-1964
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Problem Formulation

Given the system

Xpy1 = Axp+ Bug,
vy = Cuxp+ep

where v and e are white noise with
T
E |:Uk:| |:vk:| 73 |:QU Qve:|
er| |er QL Q.
Want to minimize E|M (x — &)|?. Solution (indepent of M):

Xpk—1 = E(x| measurements up to time k-1)

Xpr = E(x| measurements up to time k)
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Optimal Filtering and Prediction

The filtered state estimate x|, and predicted state xj, 1, can
be obtained in a two step procedure

Error update:

Xpje = Xpjp—1 + K (Ve — CXpjp—1)

Time update:
Xpt1jk = AXpp + Buy,

where the stationary solution is (if @,. = 0)
x = PCT(Q. + CcPCT)™1
where P = cov(x — ;1) is found from the Riccati equation

P=APAT + @, — APCT(Q. + CPCT)~tcPAT
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Matlab - Optimal Kalman Filters

DLQE Kalman estimator design for discrete-time systems.
Given the system

x[n+1] = Ax[n] + Bul[n] + Gw[n] {State equation}
y[nl = Cx[n] + Duln] + vlin] {Measurements}

with unbiased process noise w[n] and measurement noise v[n]
with covariances

E{ww’} = Q, E{vv’} =R, E{wv’} =0 ,
[M,P,Z,E] = DLQE(A,G,C,Q,R) returns the gain matrix M such
that the discrete, stationary Kalman filter with observation

and time update equations

x[n|n] = x[nln-1] + M(y[n] - Cx[n|n-1] - Duln])
x[n+1|n] = Ax[n|n] + Buln]

produces an optimal state estimate x[n|n] of x[n] given y[n] and
the past measurements. The resulting Kalman estimator can be
formed with DESTIM.

Also returned are the steady-state error covariances

P = E{(x[nln-1] - x)(x[nIn-1]1 - x)’} (Riccati solution)
Z = E{(x[nln] - x) (x[nln] - %)’} (Error covariance)

and the estimator poles E = EIG(A-A*MxC).
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Example — GPS tracking

Position measurements + noise with 5 meter standard deviation

150

Clearly this is not the true path, can we improve the estimate?
Assume this motion model for coordinates x, y
x(k+1) = x(k)+ hvg(k)
ve(B+1) = vy(k)+ noise
y(k+1) = y(k)+ hvy(k)
vy(k+1) = vy(k)+ noise
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Example — GPS tracking

ygps = xtrue + gps_accuracy*randn(size(xtrue));

% The Kalman filter (matlab notation)
= eye(2);

[I h*I; O*I IJ];

= [0%I;I];

= [I 0x*I];

qu*I; % tuning parameter
gps_accuracy 2x*I;

[M,P,Z,E] = dlqge(A,G,C,Q,R);

K=A%*M;

kalmanl = ss(A-K*C,K,C,0*I,h);

% Some plotting

time = (0:2%N)*h;

xpred = lsim(kalmanl, ygps,time)’;

Automatic Control LTH Predictive Control, Lecture 6

oW Q= H



Example — Results

qv=0.1 qv=0.002

50 0 50 100 150 200 250 50 3 50 100 150 200

Trade off between rapid tracking and good noise reduction

High @,/Q.: Rapid tracking
Low @,/@Q.: Good noise reduction
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Prediction Accuracy

Prediction accuracy

—No Direct Term
— Direct Term

Error standard deviation [m]

Best g, tradeoff between tracking speed vs noise reduction
Direct term in filter gives some performance improvement.

Smoothing would give even better results.
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Smoothing

Performance with fixed lag smoothing (horizon 5) 25,45

Smoothing with horizon 5

200

Improvement of about 10% in standard deviation
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Output feedback

z v
-+ < e
Plant |
y u —L <
_| Estimator
Xp+1 = Axp + Bup +v
Plant: il k Fi
yr = Cxp + ep,
Xpt1jk = AXpjp—1 + Bup + Ky, — Cxpp1] (K = Ax)
Controller: up, = —LXp_1 no direct term, or
up = —Lxy), direct term

Minimizes E|z|? = E (xTle + 227 Quou + uTQ2u>

when v, e are white uncorrelated noise
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The idea of separation

The state feedback control law is independent of the noise
covariance

The Kalman filter minimizes E|M x|? independently of M

This makes it possible to optimize the control law
u(t) = —Lx(t) and the estimator separately.
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Duality between control and estimation

Optimal control State estimation

A AT
B cT
Ql Qv
QZ Qe
Q12 Qve
S p
L KT
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The Resulting Controller (if .. = 0)

U = —L(gI—A;)'KY no direct term
U = —Lq(ql —Ay)~'xY direct term

where

A; = A—BL - KC no direct term
Ay = (I—-xC)(A—BL) direct term

where k = PCT(Q, + CPCT)"l and K = Ax
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Output feedback - Analysis

z 1
Plant :
Yy u —L %
_| Estimator
Plant: Xp41 = Axp + Buy + vy
yr = Cxp, + ey,
Rpr1)e = AZpp_1 + Bug + Klyp — Cxpp
Controller: { “k#1lk = S%klk-1 + Bup + K|y kle—1]
up, = —Lxpp—1
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Closed loop dynamics

Eliminate u and y:
Xpt1 = Axy — BL5C\k + v

Xps1lk = AXpjp—1 — BLIpp—1 + K[Cxp — CXpjp_q] + Kep,

Introduce x = x — x
|:xk+1:| e |:A—BL BL :| [~xk :| + |: Up :|
Xpt1|k 0 A—-KC]| |xXpp—1 v — Kep,

Two kinds of closed loop poles

Process poles: 0 =det(zI —A+ BL)
Observer poles: 0 =det(zI —A+ KC)

May also use observer with direct term, Xy,
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Summary: Linear Quadratic Gaussian Control (LQG)

controlled variables z disturbances w
] l————
Plant
measurements y control inputs u
» Controller

For a linear plant, minimize a quadratic function of the map
from disturbance w to controlled variable z

Minimize trace [* QG (¢'®) Gy (e'®)*dw

Two interpretations of this criterion...
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Impulse response interpretation of LQG

Let g..,(%) be the impulse response corresponding to the
transfer function G, (z). Then

21

trace - QG (¢*)Gou(€”) dew = trace > Qg (k)gan(k)
2z Jo 5

so LQG control minimizes the impulse response “energy”.

Automatic Control LTH Predictive Control, Lecture 6



Stochastic interpretation of LQG

V4 v w
~— < V(s) <
Plant
y u
Controller

|2l = E(z" Qz) = trace % / QG.,(¢°)G o (e°) dw
is the weighted output variance when the input v has spectral density
®,(w) = V(iw)V (iw)*. Hence the output variance can be minimized
by defining G.,(iw) = G.,(i®)V (iw) and solving the LQG problem

Minimize trace/ QG.(¢"”)G () dw
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