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Plan of today’s lecture

@ Last time: Sequential MC problems
© Random number generation reconsidered

© Sequential Monte Carlo (SMC) methods
@ Overview
@ Sequential importance sampling (SIS)
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Last time: Sequential MC problems

Last time: Sequential MC problems

In the sequential MC framework, we aim at sequentially estimating
sequences (7, )n>0 of expectations

Tn = ]Efn (¢(X0n)) = /X QZ)(xO:n)fn(xO:n) dzo.n (*)
over spaces X,, of increasing dimension, where the densities (f,,) are known

up to normalizing constants only, i.e., for every n > 0,

Zn ($O:n)

fn(mO:n) =

Cn

where ¢,, is an unknown constant.
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Last time: Sequential MC problems

Last time: Markov chains

Some applications involved the notion of Markov chains:

A Markov chain on X C R? is a family of random variables (= stochastic
process) (X )r>o taking values in X such that

P(Xp41 € B[Xo, X1, ..., Xy) = P(Xj11 € B[Xy).

The density g of the distribution of Xy, given X} = zy is called the
transition density of (Xj). Consequently,

]P)(Xk_;,_l S B|Xk = xk) = / q(ﬂsk+1|xk) d$k+1~
B
As a first example we considered an AR(1) process:

Xo =0, Xg1=aXp+ ey,

where « is a constant and (e€x) are i.i.d. variables.
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Last time: Sequential MC problems

Last time: Markov chains (cont.)

The following theorem provides the joint density f,,(zo,z1,...,zy) of
Xo, X1, -, X
Theorem

Let (X)) be Markov with X ~ x. Then forn >0,

n—1

fn(xO,x17 coog -’En) = X(:L‘O) H q(xk+1’$k)
k=0

Corollary (The Chapman-Kolmogorov equation)
Let (X)) be Markov. Then forn > 1,

n—1
fuanfo) = [+ [ (H q(xmm)) diy - 1.
k=0
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Last time: Sequential MC problems

Last time: Rare event analysis (REA) for Markov chains

Let (X%) be a Markov chain. Assume that we want to compute, for
n=0,1,2,...

Tn = E(¢(X0:n)|X0:n S B) = / d)(xOn)HM de:n

/¢ 20, x(z0) TTRZ) (@i |zn)

dzo.p,
(XO:n € B) To:

where B is a possibly “rare” event and P(X., € B) is generally unknown.
We thus face a sequential MC problem (x) with

Zn($0:n) — X(-TO) Hz;é Q(xk+1|xk)7
en ¢ P(Xon € B).
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Last time: Sequential MC problems

Last time: Estimation in general HMMs

Graphically:
(Observations)
(Markov chain)
Y| Xk =z ~ p(yk|zk) (Observation density)
Xir1| Xk = 2 ~ q(xps1|Tk) (Transition density)
Xo ~ x(zo) (Initial distribution)
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Last time: Sequential MC problems

Last time: Estimation in general HMMs

In an HMM, the smoothing distribution f,,(o:n|Y0.n) is the conditional
distribution of a set X(., of hidden states given Yy., = yo.n-

Theorem (Smoothing distribution)

_ X(®@o)p(yolzo) [Ti—s P(ylzk)q(zk|Tr—1)
fn (-770:71 |yO:n) = Ln(yO:n) y

where

L, (yo.n) = density of the observations yo.,,

= / e /X(xo)p(yo\xo) H p(yk|zk)g(zk|TK—1) dxo - - - dapy.
k=1
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Last time: Sequential MC problems

Last time: Estimation in general HMMs

Assume that we want to compute, online for n =0,1,2,...,

Tn = E( (XOR‘Ybn—yOn

/ /¢ T0:n) fr(T0:n|Yomn ) do - -

)p(yolwo) [ 1=y P(ykl2r)q(x|zr—1)

where L, (yo.n) (= obscene integral) is generally unknown. We thus face a
sequential MC problem (%) with

{zn(mo:n) « X(@o)p(yolzo) [ Ti=y P(yrl7r)q(zr|Tr-1),

0 "dl’n,

cn — Ly (yO:n) .
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Random number generation reconsidered

Conditional methods

Say that we want to generate a random vector from a given bivariate
density p(x,y). If we know how to draw from the conditional distribution
p(y|x) and the marginal p(z) this can be done naturally using the following

scheme.
draw Z; ~ p(x)
draw Zy ~ p(ylx = Z1)
return (Z1,%3)
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Random number generation reconsidered

Conditional methods

This can be naturally extended to n-variate densities p(x1, ..., z,):

draw Z7 ~ p(x1)
draw ZQ Np(x2|x1 = Zl)
draw Z3 Np(x3|:L‘1 = 71,13 = Z2)

draw Z, 1 ~ p(@p_1|21 = 21,22 = Za, ..., Tn_2 = Zn_2)
draw Z,, ~ p(zp|z1 = Z1,29 = Zo,y ..., Tp1 = Zp—1)
return (Z1,...,7,)

Theorem

The vector (Z1,...,Zy,) has indeed n-variate density function
p(T1,. .., Tn).
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Overview

. Se ial i ance sz ing (S
Sequential Monte Carlo (SMC) methods equential importance sampling (SIS)

Sequential Monte Carlo (SMC) methods

It is natural to aim at solving the problem using usual self-normalized IS.

However, the generated samples (X, w,, (X)) should be such that
o having (X7, w,(XP™)), the next sample (X" w1 (X)) is
easily generated with a complexity that does not increase with n
(online sampling).
@ the approximation remains stable as n increases.
We call each draw X" = (X? ..., X7) a particle. Moreover, we denote
importance weights by

wiz = WN(Xi()m)'
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Overview
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

Sequential importance sampling (SIS)

We proceed recursively. Assume that we have generated particles (X))
from gn(zo.,) so that

N i
Wn 0:n
¢(X )%Ef (QS(XOZTL))a
N n
; D1 wh '
where, as usual, wi, = w, (XP") = 2, (X)) gn(XP™).

Key trick: Choose an instrumental distribution satisfying

In+1 (xO:nJrl) = Gn+1 ($n+1 |~T0:n)gn+1 (xO:n)

In+1 (xO:nJrl) = gn+1 (:L'nJrl |$O:n)gn(-7;0:n) .
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

SIS (cont.)

Now assume that we have drawn Xg.,, ~ gn(xo.n). Then, as

gn+1(£0:n+1) = gn+1($n+1’xo:n)gnJrl(xO:n) = gn+1(xn+1|a70:n)gn($0:n)a

the conditional method allows us to generate a draw Xg.,11 from
9n+1(Zo:n+1) using the following procedure:

draw Xnp1 ~ gn+1($n+1|x0:n = XO:n)

Iet XO:n—l—l — (XO:nan—‘rl)
This can be repeated recursively, yielding online sampling from the
sequence (gy).
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

SIS (cont.)

Consequently, XZ-O:"+1 and w};_ﬂ can be generated by
o keeping the previous X",
o simulating X! ~ g1 (21| XM,
o setting X" i1 _ = (XD X7*1) and

@ computing

i Zn+1(X?:n+1)

I gt (X0
zn+1(XZQ:n+1) " 2 (XDM)
(XD )t (KX ™ g (X97)
Zna1 (X?:n+1) :

X W,,.
(X0 g (XX
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

SIS (cont.)

Voila, the sample (X?:"H,wilﬂ) can now be used to approximate
Efn+1 (¢(X0n+1))l
So, by running the SIS algorithm, we have updated an approximation

N

N e
i=1 Doem1 Wh
to an approximation

N i

Wh41 :
Z Nn74_€¢<X? ”+1) ~ IEfn-',—l (¢<X0:n+1))
=3 201 Wit

by only adding a component Xf“ to X" and sequentially updating the
weights.
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

SIS: Pseudo code

fori=1— Ndo
draw X? ~ go

z0(X?)

go(X?)

set w(i) =
end for
return (X?,w})
for k=0,1,2,...do
fori=1— N do
draw X;ékﬂ ~ g1 (Tpp1 | XPF)
set XOMHL o (X Dk X k)
Zp 1 (X
Zk(X?:k)gk+1(Xf+l|X?:k)

( i
set Wryq X wy,

end for
return (X Wl )
end for
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

Example: REA reconsidered

We consider again the example of REA for Markov chains (X = R,
XO =T = a):

Tn = E(¢(X0:n)|a < XZ,VE = 0, e ,n)

_ HZ;% Q(wkﬂ’%k)
a /(a,oo)” QZ)(JUO:N) P(a < XbVK) dLim-

=2n(Z0:n)/cn
Choose gi+1(xg11|To.1) to be the conditional density of Xj11 given X},
and Xy > a:

xr xr
k41 (Th41[20:0) = {cf. HAL, Problem 1} = W
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

Example: REA

This implies that (recall that we have conditioned on Xy = zp = a)

Cq(@ptalmr)
(@ H |
o) 1.7 a(z|xr) dz

In addition, the weights are updated according to

Zht 1()(0 k—i—l)

w,i,_i_l = . X w]z@
2(XOF) gra (X X0H)
— H?:o Q(XfH‘Xf) % !
= (XFH X “k
[Ti%0 a(X[H11x0) x Rt
= o0
v ' fa q(z|X{€) dz
oo
= / q(z|XF)dz x Wi
a
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

Example: REA; Matlab implementation for
AR(1) process with Gaussian noise

% design of instrumental distribution:

int = @(x) 1 — normcdf (a,alphaxx,sigma);
trunk_td_rnd = use e.g. HAl, Problem 1, to simulate
the conditional transition density;

o° oo

% SIS:
part = axones(N,1); % initialization of all particles in a
w = ones (N,1);
for k = 1:(n — 1), $ main loop
part_mut = trunk_td_rnd(part);
w = w.*xint (part);
part = part_mut;
end
c = mean(w); % estimated probability
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Overview

Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

REA: Importance weight distribution

@ Serious drawback of SIS: the importance weights degenerate!...

n=1
1000
500 I T
0 I I
-15 -10 -5 0
n=10
1000
500 T
0 L I -
-15 -10 -5 0
n =100
100 T T T
50 _ I T
0
-15 -10 -5 0

Importance weights (base 10 logarithm)
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Overview
Sequential Monte Carlo (SMC) methods Sequential importance sampling (SIS)

What’s next?

Weight degeneration is a universal problem with the SIS method and is due
to the fact that the particle weights are generated through subsequent
multiplications.

This drawback prevented—during several decades—the SIS method from
being practically useful.

Next week we will discuss an elegant solution to this problem: SIS with
resampling (SISR).
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