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1. Find a C2 solution of the wave equation

utt = uxx, x ∈ (0,π), t > 0,

with boundary conditions
u(0, t) = 0, u(π, t) = 0

and initial conditions
u(x,0) = sin(2x), ut(x,0) = sin3 x.

2. Assume that U ⊂ Rn is open and bounded and that ∂U is C1. Let u ∈C2(U × [0,T ]), T > 0,
be a solution of the equation

ut −∆u+
n

∑
i=1

biuxi + c(x, t)u = 0, x ∈U, t ∈ (0,T ),

with
u(x, t) = 0, x ∈ ∂U, t ∈ [0,T ],

where bi, i = 1, . . . ,n, are real numbers and c ∈C(U × [0,T ]) with c(x, t) ≥ 0 for all (x, t) ∈
U× [0,T ]. Show that ∫

U
u2(x, t)dx

is a decreasing function of t.

Hint: The divergence theorem might be useful.

3. a) Solve the problem
xux− yuy =−u, y > 0,

with u(x,1) = sinx.
b) Can the solution be extended to R2 and, if so, is the extension unique (in the class of

C1(R2) solutions)?

Please, turn over!



4. Let U be a bounded, open subset of R2 and let L be the second-order linear partial differential
operator defined by Lu =−ux1x1 +2ux1x2−2ux2x2 + x1ux1 .

a) Show that L is uniformly elliptic.
b) Let u ∈C2(U)∩C(U) be a solution of the boundary-value problem

Lu = u−u3 in U,

u = 0 on ∂U.

Show that |u| ≤ 1.

5. Let H1
per(R) = {u ∈ H1

loc(R) : u(x + 2π) = u(x)} be the Hilbert space of real-valued 2π-
periodic functions which are locally in the Sobolev space H1, equipped with the inner product

(u,v)H1
per(R) =

∫
π

−π

(u(x)v(x)+u′(x)v′(x))dx.

Define Ck
per(R) and L2

per(R) similarly.

a) Show that ∫
π

−π

(u(x))2 dx≤
∫

π

−π

(u′(x))2 dx

for all u ∈ H1
per(R) with

∫
π

−π
u(x)dx = 0.

b) Let a ∈C1
per(R) and f ∈Cper(R) and assume that u ∈C2

per(R) is a solution of the equation

−(a(x)u′)′ = f . (1)

Show that ∫
π

−π

a(x)u′(x)v′(x)dx =
∫

π

−π

f (x)v(x)dx (2)

for all v ∈C1
per(R).

c) Assume now that a ∈Cper(R), f ∈ L2
per(R). We say that u ∈ H1

per(R) is a weak solution of
(1) if (2) holds for all v ∈ H1

per(R). Assume that minx∈R a(x)> 0. Show that the equation

−(a(x)u′)′ = f

has a unique weak solution u ∈ H1
per(R) with

∫
π

−π
u(x)dx = 0 for each f ∈ L2

per(R) with∫
π

−π
f (x)dx = 0. Show also that the condition

∫
π

−π
f (x)dx = 0 is necessary for the equation

to have a weak solution.


