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8. (Solution by Marko Sobak)
Let

ij
be uniformly elliptic. Suppose that « is smooth and such that Lu = 0. We aim to show that
[1Dull =y < CU1Dul| =90 + [[ull=(ov))-

Following the hint, put
vy = |Dul? + 2u?.

We aim to show that Lv; <0 in U for large enough A. We calculate
(91'1)1 =2 (Z 8ku (ﬁu + Au 8,~u>
k

35"’1 —9 (Z aj?ku 2u+ Z o aii'k” +Adjudu+Au 85~u> :
k k
Hence
Lvy = -2 (Zaij 8ko djju+ Zaij Ot as'k” +4 Zaij I 8,-u> 7
ik ijk i

where the last term is not present since Lu = 0. Note that if we define the vectors wk = JDu,
then we see by uniform ellipticity that the first term satisfies

Zaijwf?wf > CZ\W"]Z = C|D*ul*.
ijk k

For the second term, we observe that
0=0dLu= —Zakaij aéu - Za’j 85.,(14.
ij ij
Thus

Zaij Ot 83-ku = — Z&kaij ok 8514.

ijk ijk

Please, turn over!
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Since the derivatives dya'/ are bounded by assumption, we get

Zakaij Oku 8514 < AZ | O Z |8l%-u| < A'|\Du||D?ul.
i ij

ijk

For the final term we note that uniform ellipticity again gives

Za’j dju du > C|Dul?
ij

for non-constant u. Combining these findings we see that

—Lv;, > C(|D*ul* + A|Du|?) — A’|Du||D*u|
= C(|D?u|?® — 24" |Du||D*u| + A |Du|?)

= C(|D*u| — A" |Dul)* 4 (CA — A"*)|Du)?,

which is clearly non-negative if A > A”?/C. Hence Lv; < 0, so that Theorem 1 in 6.4.1 in
Evans implies that

Vallz=w)y = vallz=(ov)-

Hence

1Dull=w) < llvVall=w) = vvall=av)

< \JIIDuP = o) + A 1= v

< A'(1Dul = (au) + llull =(av))-

(Solution by Alex Bergman)

Let U C R" be open, bounded with smooth boundary dU. Suppose also U is connected.

S

S

L.

uppose u is a smooth solution of
—Au=0,inU
9 =0, in JU
how u = C for some constant C.
Using an energy method.
Proof. By Green’s formula
) du
/ |Du|“dx = —/ uAudx+/ ——udS =0.
U U ou AV
So Du = 0. Since U is connected we have u = C for some constant C. [

2. Using a maximum principle argument.

Proof. Suppose the maximum is not achieved in the interior, i.e. there exists some
xo € AU, such that u(xg) > u(x) for all x € U. Then the Hopf lemma (dU is smooth so
in particular C? and thus has the interior ball condition) implies %(xo) > 0 which is a
contradiction. Thus the maximum is achieved in U, since U is connected we have u = C
by the strong maximum principle. O
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(Solution by Filip Jonsson Kling)

Problem:
We say that the uniformly elliptic operator

n n

ij i

Lu=— Z afux,.xj—i—Zb Uy, +cu
ij=1 i=1

satisfies the weak maximum principle if for all u € C2(U)NC(0)

Lu<0 inU
u<0 indU

implies that u < 0in U.
Suppose that there exists a function v € C*(U)NC(U) such that Lv > 0in U and v > 0 on U.
Show that L satisfies the weak maximum principle.

Solution:
Pick u as above and define w = u/v. This is well defined on U since v > 0 on U. Then

2 _ _
(VW )x; = (V= Vi) = UV U Ve — Vo U — Vil

We want to find an elliptic operator M such that Mw < 0 in {u# > 0} and M has no zeroth-order
term. In the light of the above calculation we try

n
Mw=— Z al](vzwxf)xj
ij=1
n

_ ij B B
= Z A" (¥ + Ve — Vi U — Vg, )
i,j=1

n n n
_ ij ij ij
- Z aj(uxivxj _inuxj) +v <_ Z ajuxixj) —u <_ Z ajvxixj>

i,j=1 i,j=1 i,j=1

n n
=0+v (Lu — ) buy, — cu) —u <Lv — ) b'vy, — cv)
i=1 i=1

n n
i i
:vLu—uLv+qu Vy; —va Uy,
i=1 i=1
n .
= vLu—ulv—Y b'vw,,

i=1

where we used that ¢/ = a//. Now adding that last term as a first order term to our definition
of M, we get that
Mw =vLu—ulv <0

on the set {u > 0} since there uLv > 0 and vLu < 0. Since M is uniformly elliptic (note that
v2 is bounded in U strictly above zero), we may use the weak maximum principle for ¢ = 0 to
say that

max w= max w=_0

{u>0} d{u>0}

since u <0 on dU and v > 0in U. Hence {u >0} =0 so u < 0in U and thus L satisfies the
weak maximum principle.

Please, turn over!



Evans 7.5

7.

(Solution by Simon Halvdansson)

Problem:
Suppose u is a smooth solution of

u—Au+cu=0inU x (0,00)
u=0o0ndU x [0,)
u=gonU x {t=0}

and ¢ > y > 0. Prove the pointwise exponential decay estimate
lu(x,1)| < Ce™™

Solution:
Consider the auxiliary function v(x,7) = e"u(x,). A simple calculation shows that

up=e "(=y+v)
Au=e "Av — O0=w,—Au+cu=v,—Av+(c—7y)v=0

7’)/t v
cu=e cv >0

and so the weak maximum principle yields (see the remark on p. 391)

max |[v| = max |v|
UT 1—‘T

but since u =v =0 on dU x [0,), the above maximum is bounded by max;;|g| =: C. Now

" - -n
Y - I — —
lu(x, )| =e " |v(x,1)| < e "max|v| < Ce
Ur

as desired.

(Solution by Simon Halvdansson)

Problem:
Suppose u is a smooth solution of the PDE from Problem 7, that g > 0, and that ¢ is bounded.
Show u > 0.

Solution:
Using the same auxiliary function v(x,7) = e*u(x,) we again have

vi—Av+(c—A)v=0.
>0

Since c(x,7) is bounded we can choose A so that the last term is positive by growing or
shrinking A. The maximum principle with v, +Lv > 0,¢ > 0 then yields that

miny > —maxv. = —maxg =0
UT l_‘T U

since v =0 on JU for all # so v > 0 which yields u > 0 since u, v have the same sign.



