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Aliasing
The fundamental alias for a frequency w; is given by

w = |(w1 + wy) mod (ws) — wn|

ZOH-Sampling of a system with input time delay v < A

Z0OH-sampling the continuous-time system

dx(t
) _ A(t) + Bu(t — 1)
dt
gives
x(kh + h) = ®x(kh) + Tou(kh) + Thu(kh — h)
where

<I)=eAh

h—7
Iy = f e ds B
0

Iy = A7) fr e ds B
0

Different ways of calculating ¢
d=e =T+ Ah+ A%R%/2+. ..
¢ =L(sI—A)!

Solution to system equation

The solution to the system equation

x(kh + h) = ®x(kh) + Tu(kh)
y(kh) = Cx(kh) + Du(kh)

is given by
Y(2) = C(2I — ®)'2x(0) + (C(21 — @) 'T+ D)U(2)

Mapping of second-order poles
When a continuous-time system with the characteristic polynomial

s+ 2Cwos + W}
is ZOH-sampled the corresponding discrete-time characteristic polynomial is given by

22 + a1z +asg

ay = —2e 59" cog (\ /1— (2 a)oh>

— e—2{w0h

with

az



Rules of thumb for sampling interval selection

Approximation of continuous-time design:
hw, ~ 0.05 to 0.15

where w,. is the cross-over frequency (in radians per second) of the continuous-time
system.

Discrete-time design:
wh =0.1t00.6

where w is the desired natural frequency of the closed-loop system.

Some discrete-time functions and corresponding z-transforms

f(k) Z(f (%))
6(k) (pulse) 1
z
1 (step) o
z
k (ramp) m
ak ?
z—a

Some properties of the z-transform

1. Deﬁni‘ciogO
)= f(kR)e™
k=0

2. Inversion 1
_ k—1
FkR) = 5 f F(z)2" 1 dz

i

3. Linearity

Z{af +Bg} =aZf +BZg
4. Time shift

Z{q"f}=2""F

Z{q"f} = 2"(F — F;) where Fi(z) = Z;:é f(jh)z7
5. Initial-value theorem

f(0) = lim F(2)
6. Final-value theorem

If (1 —27!)F(z) does not have any poles on or outside the unit circle, then
Jim f(kh) = lim(1 — 2 H)F(2).

7. Convolution

k
Z{fxg}=2Z2 {Z f(n)g(k — n)} = (Zf)(Z9)

n=0



Zero-order hold sampling of a continuous-time system with transfer function

G(s)
b12" 1 4 oz 2 4. 4 b,
6(6) H() =2
127+t ap
1 h
s z—1
1 h?(z + 1)
s2 2(z —1)2
e—sh »—1
a 1 — exp(—ah)
s+a z —exp(—ah)
1 1
a b; = . (ah — 1+ e_ah) by = . (1- e h _ ahe_ah)
s(s +a) ar=—(1+ e_ah) g = e~
a? by =1—e (1 +ah) by = e " (e™ + ah — 1)
(s +a)? a1 = —2e~% g = o2
s (z—1)he "
(s + a)? (z — eh)2
b(1— e‘“h) —a(l- e_bh)
by =
5 b—a
a
s all — e—bh e—ah —b(1— e—ah e—bh
(s+a)(s+0) by = ( ) b—a( )
a#b a1 = _(e—ah + e—bh)
as = e—(a+b)h
Cwo
b - 1 _— E— = 1 — (2 ]_
1 a (ﬁ + o 7 w = woy/ ¢ ¢ <
2
wO b2=a2+a(€a)0;/_ﬁ> a:e_é‘w()h
2 4+ 2( wos + w? w
a1 =—2af B = cos (wh)
az = o’ ¥ = sin(wh)




Observers
Observer (predictor case):

2(k+ 1| k) = ®2(k | k— 1) + Tu(k) + K(y(k) —Ci(k | k— 1))

Observer (filter case, with direct term):
R(k|k)=P2(k—1|k—1)+Tu(k—1)
+ K[y(k) — C(®2(k = 1| k= 1) + Tu(k - 1) )]
= (I - KC) (®&(k — 1| k— 1)+ Tu(k — 1)) + Ky(k)

Approximation of continuous-time designs
Forward difference:

o = z—1
h
Backward difference:
o = z—1
© zh
Tustin:
, 2 z-—1
§=—"
h z+1
Tustin with prewarping:
, w1 z—1

5= tan(w1h/2) z+1
Approximation of continuous-time state feedback
u(t) = Mu.(t) — Lx(¢)
u(kh) = Mu.(kh) — Lx(kh)
I= L(I +(A— BL)h/z)
M = (I — LBh/2)M

EDF schedulability condition

Q

i=1

i<
i

~

RM schedulability conditions
n

C;

27, = n@ -1

=n

C;

~i <
E(Ti +1)<2



DM schedulability condition

Response time calculation

R, =C;+ Z ’VRL-‘ CJ'



The Laplace transform

Operator lexicon

The Laplace transform

Laplace transform F(s)

Time function f(t)

1 | aFi(s) + BFa(s)

2 | F(s+a)
3 | e ®F(s)
4 %F(%) (a > 0)

5 | F(as) (a>0)

6 Fl(s)Fz(s)

1 c+ioo
— F Fo(s—o0)d
i ). 1(0)Fa(s — o) do

8 [ sF(s)—f(0)

9 | s?F(s) —sf(0) — £'(0)

13 foo F(o)do

S

14 | limsF(s)
s—0

15 | lim sF(s)

§—00

10 SnF(s) _ sn—lf(o) — e — f(n—l) (0)
d"F(s)
11 Jan

afi(t) + Bfa(t) Linearity
e f(¢) Damping
t— t—a>0

f(t=a) “ Time delay

0 t—a<0
f(at) Scaling in ¢-domain
1 /¢t
i ( *) Scaling in s-domain
a' \a

fotfl(t—'r)fz(r)dr

fi(®)fa(t)
f'(t)
f'(t)

™)
(—t)"f(2)

fotf("r)dr

(8
Tt

lim £ ()

t—o00

lim £ (¢)

t—0

Convolution in ¢-domain

Convolution in s-domain

Differentiation in ¢-domain

Differentiation in s-domain

Integration in ¢-domain

Integration in s-domain

Final value theorem

Initial value theorem




Transform lexicon

Laplace transform F(s)

Time function f ()

10

11

12

13

14

15

16

s2 +a?

S

s2 —qg2

o

s(s+a)
1

s(1+ as)

I S
(s+a)(s+0)

é(2)

(1—at)e ™

1 _—t/a
a e

sin at

sinh at

cos at

cosh at

Q=

(1 — e“”)

1— e t/a
e—bt — et
a—2>b

Dirac function

Step function

Ramp function

Acceleration




The Laplace transform

Transform lexicon, continued

Laplace transform F'(s) Time function f(¢)
17 s ae~% — be~ bt
(s+a)(s+d) a—>b
a
18| ———— —b sin at
(s+0)%2+a? ¢ sma
s+b
19| ———— —bt ¢
GrbEtd e ’tcosa
1
20 .
s2 + 2C wos + wi
=0 wio sin wot
(<1 wo\/lwe_g‘”otsin(wm/l—{zt)
(=1| tewo!
>1| —F— e $“lsginh 2_1¢
¢ /1 e S woy/ €
21 ° -
s2 + 2(wos + w§
0<r<m: C<1| 2= efwlsin(wo/1-C2t4 7T
=Ts Ve
N wor/1—(2
T = arctan — w0
¢ =0 | coswot
(=1 (1 - a)ot)e_“’ot
a 1 . —bt
22 )10 N (sin(at — ¢) + e~ sin ¢)
a
= arctan —
¢ = arctan b




Laplace transform table, continued

Laplace transform F(s)

Time function ()

23

24

25

26

27

28

29

30

31

32

33

(s +a?)(s +b)

ab
s(s+a)(s+d)

a2

s(s + a)?
a

s?(s+ a)

1
(s+a)(s+d)(s+c)

w§

s(s2 4+ 2¢Cwos + wd)

1
(s +a)rt?

(s+a)(s+0b)(s+c)

0<(<1

cos(at — ¢) — e~ cos ¢)

1
Nrra=l

a
= arctan —
¢ b

ae—bt _ be—at
b—a

1+
1—(1+at)e ™

1 —at
t—1(1—e )

(b—c)e ™ + (c — a)e ™ + (a — b)e™
b—a)(c—a)(b—rc)

1-— \/11_? e~¢wol gin (woﬁt + ¢)
¢ = arccos

1 — cos wopt

1o a

n!

a(b—c)e™™ 4+ b(c — a)e ™ + c(a — b)e™

(6—a)(b—c)(a—c)

. ;
— sina
2

3~

1 o0 2
\/? ](; e_g /4tf(d) do

10




