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FRNTO5 Nonlinear Control Systems and Servo Systems

Lecture 1: Introduction
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Non-autonomous systems
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Linear Systems

d
State space representation i = Ez(t)

& = Az + Bu
y=Cx+ Du
Properties: Equilibriune. %20 S Ax =0

« Unique equilibrium if A is full-rank sk Pl ek X2

» Regardless of the initial value, the equilibrium point is stable when the
eigenvalues have negative real-parts

« Analytic solution: superposition of the natural modes of the system
T lechure 02
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State-space models (autonomous systems)

epresent the amemory Fhest the a('yy;p(vmlmf fyﬁfem has  of 5 Pﬁ‘”‘
make Fhe output +o behave
i aspecdfic wmdnner

eg. messuribie
or vdvidbies
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- State vector: e
- Input vector: o preatly
« Output vector: @ bariabees

rontrod  InPEE apptied 10

of perdicular interest requirest +o

controllest

fl@,u,y,a,%,9,...) =0
= f@u), y=h)
&= f(z)+ g(z)u, y=nh(z)
&= Ax+ Bu, y=Czx

+ General:

« Explicit:

+ Affine in the control:
* /Linear time-invariant:

Atne  map i:j'-(’l
foa=hxx E@ Chigs" it
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Linear Systems

d
State space representation @ = —u(t)

T Transfer function

H(s)=C(sl —A)'B+D
Y(s) = H(s)U(s)

& = Az + Bu

y=Cx+ Du —)

State space models of systems are not unique

0 1 s 0 0 y 1

0 0 SR 0 oo l/

: R : =
g y® +ay®D 4 o gray=u

+ Controllable Canonical Form
+ Observable Canonical Form
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Linear Systems

d
State space representation i = Ez(t)

& = Az + Bu Prop_ertjes: » . u ¥ =S
< Principle of superposition and scaling —— S
y=Cx+ Du
S(ouy + Puz) = aS(u1) + BS(uz)
« If the unforced system is asymptotically stable, the forced
system is bounded-input bounded-output stable
« Sinusoidal input > Sinusoidal output at the same frequency
Properties:

» Unique equilibrium if A is full-rank

» Regardless of the initial value, the equilibrium point is stable when the
eigenvalues have negative real-parts

» Analytic solution: superposition of the natural modes of the system
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A standard form for analysis

Nonlinearities
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First order linear and nonlinear differential equations

« First order unforced systems described by differential equationsﬂwlmw

“Al . .
5 i =—ax &=’ &= |x|z i =x(1 )
- =
Linear 20
Lex)=—ox

« Damping — linear dynamic friction _@Jialv;u

+ Damping — nonlinear viscous friction (drag underwater vehicles) — md + djvjv =u |

5 N Population
. : N=aN(1-—
Population growth example ( M Maximum size that can be reached
if N=o ,\; ERY remaosns el

i Nz €y U wld reack MR

mexinmum  pop M
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Transformation to first order systems &
Equilibrium points
x= A x)
Assume y*) = %11 highest derivative of y

Introduce z = [ y ¢ y*k=1 ]T

Example: Pendul
ple: Fencuium. 2wl order (DE)

MRO + kf + Mgsinf =0

z=[0 6] gies ‘9‘:,4_(7@4/@5»@}
Ll M b

T = T2 2 X

2 %y a2z = r

. iy =
sy = B = Ko
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Example: closed loop with friction

funcki oL

pon Ling &f Gotonts
Friction ey FF::-A;:I:]% J iy
0 o
aeaa@) i
N >TF TF
VZS) = Guts) (U\(Sj~ Fes) > )
- Uts) = cts) (0= Vis) ) @)
(x) Vls) = =49 g Friction Substincting (w0 M0 )
(+6s)((9) = TF Vis) = = Gls) C(8) V(s) - GCS] s
v G F :
Lt = (14 Gi) ) Vis) = ~GfhinG

=> (%%%)

Second order nonlinear equations

2
yo o d= ,
Fas m o i
+ Hardening spring i + di: + k(z + az®) = 0 ‘ -
| . L i
linear part  yonlinear powt -/(ﬁm\-
* Pendulum MR} + kR + MgRsin§ =0 o d
In  Lincar control  systems 5in i:: Ssmng azwigle .

Tats cannot hwla for dwds
suce <t pomdulum S wipg-up

Circuit with negative resistance  C'Li + LA’ (v)o +v =0 % =% e
Compon gt

¥ wmany dedttanic 1
" have  nonp-Unear charackerishcs s « Py

Robot manipulators % +C(q,4)g+9(q) + Frlg,¢) =u ‘
pesitive definite but  nenlinear LUND
jherdid b

+ Mechanical systems with friction mi + f(x,&) =u

v

Transformation to first order systems &
Equilibrium points

« The system can stay at equilibrium forever without moving
« Set all derivatives equal to zero!

Assume y*) = %ﬂl highest derivative of y T T
X m) Seti=[g j ® 1" =[0 0 ... 0
Introduce z = [y 3 ... y* 1" i=[y g . yW ] =[00 ... 0]
General: f(x0,u0,%0,0,0,0,...) =0
vonlnedy equotion

Explicit: f(xo,up) =0 —=
Linear: Az + Bug = 0 (has analytical solution(s)) = Linear Systems of €quations
P ===

com stonrt
Axe = By =

it Uy = — KX

i Us Is givey d$ _
it g Xe = ~ A By, LUND



Multiple isolated equilibria Response to the input

* Pendulum o mo+dv=u mo +dfvfv = u
MRO + k6 + Mgsin =0 Lse Input I
b P P
j— 6 inf =0 0=+ €{0,1,2,3,..} m=td=10 J| m=1d=10
ilibria gi —f=0 =sinfd=0 = = 2,3, .. - 1 !
Equilibria given by 6 Q 0 =>smb = 4 nm n s Linear  System

“=l0N§m Sqwme respons e

T unstable i
08
= fow o©>4

ld smal dlisturbance Cotri
i+ move owsy from

md ke
Dnis @qiﬂlb(imw and L==0
6 [4
Stable"
. : N
« Population growth N =aN (1 — M)
_—
N=0 N=M LUND P :

L. . Solutton: da-92 = dw _ gi > ji); = dd . o
Finite escape time z Region of attraction
ot

For =0
Example: The differential equation Lor E —;l +c= Region of attraction: The set of all initial conditions such that the solution converges to the
. c= equilibrium point 2 eyuili bt peirtt,
— =2 2(0)=m 2 z
dt ) ) ) x(1-x5)=0 ‘
—_— Example: The differential equation -
has solution R .
To 1 . 3 x= x=-1
a(t) = ——, 0<t<— &= —x+a°, 2(0) = x¢
1—xot g
Finite escape time:  ¢; = o has solution gt
z(t) =
timg e, (1) = o0 UEE T |
R § > v o
« If |zo| < 1 the solution exists V¢ > 0
Compare with instability of linear systems I
« If |z| > 1 the solution exists for:
Example: z=1r, z(0)=uz0
i ST <t<my B fude
Solution:  z(t) = mpe" limy— 00z (t) = o0 0st<h 21 N
the Solution — exids s URIVERSITY esctp @ e Gy
. 9 L .
o Lipschitz Continuity and existence and
Limit Circles : £ soluts
_ uniqueness of solutions
. Cirenit wi : ; Lo ) Havmonic . .
Circuit with negative resistance Circuit with no resistance Oseetlotors Lipschitz-continuous 1F(2) = Fw)ll < Lllz — ] J{/jj:;/%’:nvlé{Jiu o
- ’ . o _ R — A
CLo + Lh (v)0+v =0 [TSs0 ] CLv tu= 0 Linear Local ey € On + i@ M"t:;ﬂhjfmw
Ulo) =1 (o) = o E‘dﬁc“’” 4 slepe g
n " S - — T e Global Vz,y € RT e st Pt
! Amplityde ) . S dre not Locally Lipsoritz
B of e Giterto {1 cheddug  Lipscniba  confinaily TS dhe pomt of
s, 05 LoAims Check the continuity of f() and the boundedness of first order partial derivatives .-\ @i seondinzeiy .
- 0%j  See e £Od=ix
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Carditrony Examples:  f(z) =z f'(@) = PG

hv) = ,

Jocoll g Lipsehiiz

v _ .3 1N a2 -
#* Non Linear fl@)=a f'(@) =3z T xewes i o  set aroune O
i=-20%—1i—g | Sysfems o2 ) 2 o .
= —z J(@) = tanhz fa)=1-tah’s —  grobatly Lipschitz LUND
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Lipschitz Continuity and existence and
uniqueness of solutions

(t) = fa(t)

Lipschitz-continuous I£(z) = FW)ll < Lz = y| A solution ofthe diff. equation { JV(O) —
z0)=a -
Local Vz,y € Qr ) (t), 0<t<R/Cg,
Cpr = maxzen ”f(l)H
Global Vz,y € R" ) 1), t>0. o

@(t) = f(x(t)

exists and is unique if
z(0)=a

A solution of the diff. equation {

= f(z) islocally Lipschitz Vaz € Qg

- and if it is known that every solution of the
differential equation starting at a closed and
bounded set W C €2 remains in it.
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Lipschitz Continuity and existence and
uniqueness of solutions

(1) = fla(t))

Lipschitz-continuous 1 (z) = fW)ll < Lz -yl A solution of the diff. equation { ©) exists
Z =a
Local Vz,y € Qr -—) (1), 0<t<R/Chg,
Cp = maxzeq, [|f ()]
Global Vz,y € R . -_— ) t>0. 48
an
Local Vz,y €Qr  z(t) € W C Qp mmmmp (1), t>0.
- ) ) - ofi
Check the continuity of  f(x) and the boundedness of first order partial derivatives o
7
1
. _ () —
Examples: flx) =r f'(z) 2z
f(a) =42 [(x) = 3a°
f(z) = tanha f'(z) =1—tanh®z LUN
Uniqueness problems
y
Does the initial value problem have more than one solution? N
If so, the differential equation cannot be used for prediction |
2 o
Example: The equation & = \/z, z(0) = 0 has many solutions: o
(t—C)2/4 t>C *
sty = {128 N
a=1,hy>0

Compare with water tank:
h=—avVh,

Change to backward-time: “If | see it empty, when was it full?”

h : height (water level)

hit)

_ (t—2vho)?/4 t <2vhg
o = [T

Lipschitz Continuity and existence and
uniqueness of solutions

Lipschitz-continuous 1£(z) = FW)ll < Lz =yl A solution of the diff. equation { iz;))ii("r(t))
Local Vz,y € Qr ) (1), 0<t<R/Ch.
Global Vi, € R o — o). (> [fn = maxzeqy || ()|
Local Vz,y €Qr  z(t) €W C Qp oy x(t). +>0.
Check the continuity of () and the boundedness of first order partial derivatives gf
i

Examples: flx) =r fl(z) = ﬁ

f(a) =42 [(x) = 3a°

f(z) = tanhz flz)=1- tanh? z
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Existence of the solution, finite escape time,

instabilit cysten | P

hove

\\4quu>wj + zc,m} bonsiod

inbredsimg F zevs
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Some nonlinearities -simulink

{v}

Abs Math

) )%

Function Saturation
i Look-Up
s Dead Zone Table
B # B
Relay Backlash Coulomb &

Viscous Friction
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Next Lecture(s)
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- Phase plane analysis for 2" order linear systems
FRNTO5 Nonlinear Control Systems and Servo Systems
« Linearization . . .
Lecture 2: Linearization and Phase
« Stability definitions .
plane analysis

 Simulation in Matlab

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR ~ WWw.yiannis.info
AUTOMATIC CONTROL, FACULTY OF ENGINEERING. yiannis@control.lth.se
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Outline Linearization around an equilibrium point

« Linearization around equilibrium « Linear systems with non-zero equilibrium points

* Phase plane analysis of linear systems Change of variables to move the origin to the equilibrium point

Example t=Az b Xz 0
4x+bwﬁ*:_‘4_lb r==T+z" -
Material Arj«‘: New variable @: x—x* =4 47'//:n+w, P vﬁmzab%w
* Glad and Ljung: Chapter 13 « Linear approximation of nonlinear systgmsMTaylor expansion f(z) = 3 f(:! (z— '3%)

+ Khalil: Chapter 2.1-2.3 &= f(z) F=i

New variable 7 =z — z*
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Linearization around an equilibrium point Example (nonlinear spring with external force)

« Differential Equation

« Linear approximation of nonlinear systems (Taylor expansion)
mi + kyt + ksz® = F

i=f(@+a*) ——) i:f(x*)+%}f")|_ +HO.T,
=0~ X « State space representation
r=x—x -
B Y W . Position: 1 = % Velocity: T2 = %
f@)|= f@ +Tp@t)e + o @+ s :M +2 (217 + HO.T. . i
. Jacobian Hessian . €quilibri ym, (z*)=0 | ~] _ ka 3 _hkug 4 F
X Xz, ..o X 2 To = — B0 . Bu g sl
[I;(::,;;, o 0 3] 2= —lea} By + L
! iy ~ . T
L CXAE(E . 'Q?_, en o %(J*)ﬂ.’_ H.O.T. fw SW‘% S ar « State space representation (vector form) = = [ Tr1 X9 ]
%% 3% o | Tl o4 ) 5
" £ g E |V J forsy T6H x
R o E4<3 &= f(x) %](J‘(@:{,ﬁzs,ix L E
Ofa Ofa ... B §~ U@ fR)e2a BENR — - mP T m B2 m ] RAR

dx1  Oz2 Oxn 2

5



Z=di () = Ty zTu,fxlﬂrwm Z, =
o bl

%, 222 = ‘ksxls ~bx, +E A= Kx®= F =% LI %\:(E)@
™ B " *E6 : A %
Jueobien wgw
fob 3 o 1t
Tos 9F _ | 3x ax, - &(%i] - Q_L Cxa&) —
Qx b @& \53%1} _h D%
X QDxe o W
o |
T (k) - s )
o ( ) I; < (IJ )0 3y (EJ% 9
K‘ﬂ‘f XZJQ% w o K w)
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A first glimpse on phase portraits

A=6 =1

c /’ Hpmp Tmed R [ fi(z1,2) }
i1 = filar,me) = 2t + 20 9374;%:5 %; a, ,%:Tge vector field f(z1,32) fa(@1,22)

@2 = fo(21,22) = —21 — 22

~(%117,) 20 52 ==, (4js tangent at point (z1,72) because

dro _ fi(a, o)
dry  fo(zr,22)

+ The slope is indeterminate at equilibrium
points aka singular points

Don't forget the arrows!

In the point (z1, z2) = (1, 2)
the vector field is pointing in the direction
(1240, =l= 2) =(8, —3).

3 4
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Solution of Linear Systems of diff. eq.

State space representation after change of variables z = Wy : z=Mz
Solution for the new state: 2(t) = eMt2(0)
Real distinct eigenvalues ¢M* = diag(e %, e’\f@ W=[u v]
One double eigenvalue €™ = diag(e™ + te*, e) W=[v Rsv

Mt _ jotl wtS _ _ o
Complex Eigenvalues ¢ = Ehwt cos k) s‘%@)[ (v1) =S(vr) |
[ =§in(wt)  Ces(wt)

Solution of the original state: z(t) = WE’(t) =WeM2(0)

Phase plane analysis

» The phase plane method is the graphical study of second-order autonomous
systems:

&1 = fi(x1,22) %] (2 (2) , X000 )

= fa(z1,22)
= 7[(a

z
* Phase plane has 21 and xz % coordinates.

» Phase plane trajectory: a curve of the phase plane representing the solution for
initial conditions x(0), x2(0) with time ¢ varied from 0 to infinity

* Phase portrait: a family of phase plane trajectories from various initial conditions

o z IS
Example: 4y =0 x,-yu -€sindeg,) 2% #, =
2,24 @) =Ccosbhrg.)

=%z

X
¥z = ~RL

x(>az> Yl ihausa;
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Solution of Linear Systems of diff. eq.

» ot
R P ) = ) ©

State space representation: = Az Simiker Ao Scads2r”

Solution: | = e@x(o)

Similarity trangformation and Wl MW — Ms»
change of variables:

One double eigenvalue \

AL

Real distinct eigenvalues A1, Az Complex Eigenvalues o + jw

N0 B ‘[ 0w }
w=[% 2] Mg 4 ITH D
Two real eigenvectors Complex g?envectors

o EWI/‘E‘/L: [v1 vs wW=[v R«v | w=] R(vl) S(v1) ]

) ues 1O g oS sl sinll > oD
ﬂf{@k(rf\\lﬂk\ =06 \/?43 Rod 2m ;{5 5m— s - Tmaginery

Two real eigenvalues

Direct elimination of time variable Separation of variables Integration

L1 = Mz dxy A1\ 21 dzy dxo v
AT AUTL. gy WL (D) I gy A1 AT gy, —
Lo = Aoty dxs (Ag) T2 21 T o 2
—_— ——

i+ M>o

Ftro botad J ]

' szvzb‘L" 2

3 B
gk® y>1 0<y<1
A < A <0 0< X < N 2 = qu
~—~ ~~ ]\/ r\«/ ]/Y
faster  slower slower— faster D U= {L x )
[



Two real eigenvalues
Example: 4 X Yj: <igs [A)

A< A <0 ~
faster  slower = {’1 1 ] z (A1) = (—1,—:2)
-2

U1 Vg

0
vy = L2[1 —1]T A
z(t) = creMto; + caeztoy T

Fast eigenvector R
z(t) ~ creMtvy + cypvy y

Slow eigenvector
210w eigenvector

-1

0= [1 O]T slnww

2(t) ~ caeM?tuy for large t
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One tangent mode

= B i] z, rank (A — A) =1

z1(t) = 21(0)eM + taa(0)eM
xo(t) = 22(0)6’“

2 v =[1 O]T

UNIVERSITY

Complex eigenvalues

=Wtz r=\/22 + 23, 0 = arctan zp/ 2
&= Az —) 3= [g _ow] 2 —)
o+ jw z1 =rcosl, zp =rsinb

W= Re) ) |

If  o>0  Unstable focus f-¢cr @
If o=0 Center oo
—
If o<0 Stable focus e ﬁ
T
@ Lone

Some comments

< Whatif Ay = ? X 2o xd”

e 342
- Star

= X

nNE=Dp 2P A =220
o Ahe = det(A)

AL+ Az = Tr(A)

Aa2=13 [Tr(A) +4/Tr%(4) — 4det(A)—
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Matching quiz 1

-0.5 0.5 x . -1 -10 x i -1
-0.5 -1.5 10 -1

2.
Il
—

UNIVERSITY

g =X,

Matching quiz 2
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Example How to draw phase portraits

3
Auﬁ"i%j 1[-1 —V3 T:_%T
R —
0= If done by hand then

1. Find equilibria (also called singularities)

2. Sketch local behavior around equilibria
3. Sketch (i, d2) for some other points. Use that j% = z—;
4. Try to find possible limit cycles

5. Guess solutions

Nl

Sesee—e T

Matlab: PPTool and some other tools for Matlab is available on Canvas.

5 0 5 UNIVERSITY UNIVERSITY

Summary of phase portraits and their

Matching quiz 3

equilibriums
oo, QP B ssepon
ImA; #0: 6 ReX; <0 ReX; >0 ReX; =0
X 0 -1 i —1.5 —2.5 . |0 =2 stable focus unstable focus center point
’”:[4 0]1 12{2.5 1.5]1 z_[Z 0]1 -
AN A\ & || 2
S ERRES ~J ) .
AN RN 7 A\
Ve i S
N e
3 gt
3 S Y
R X \ 2
Effect of perturbations Back to linearization
Perturbationsin = A + A Theorem Assume
i = f(z)
« Structurally stable: the qualitative behavior remains the same under arbitrarily small is linearized at z* so that
perturbations in A 7= A% + g(z),
where
Examples: a node(with distinct eigenvalues), a saddle or a focus A= ()
c A= Gt
+ A stable node with multiple eigenvalues could become a stable node or a stable focus ©g=fla)— %ﬁ(z*)i cC'and Hs‘z‘(;H)H —0as i =0

under arbitrarily small perturbations in A

If £ = A% has a focus, node, or saddle point, then & = f(z) has the same
< Acenter is not structurally stable type of equilibrium at the origin.
) 0 —w P If the linearized system has a center, then the nonlinear system has either
i= [w 0 ] 2z Jw a center or a focus.
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Back to linearization Summary

« Linearization
i=f(a)=>i=A%+g().
* Phase portraits of Linear systems

» Whether the behavior of the Linear system (outcome of linearization) can be
inherited to the nonlinear system?

UNIVERSITY UNIVERSITY

Outline

UNIVERSITY

FRNT05 Nonlinear Control Systems and Servo Systems « Linearization around trajectory (general case)
Lecture 3: Linearization around a  Limit Cycles
trajectory, Limit cycles and Stability * Definitions of Stability
definitions

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR ~ WWW.yiannis.info
AUTOMATIC CONTROL, FACULTY OF a LIth.se

Material

* Glad& Ljung Ch. 11, 12.1,
( Khalil Ch 2.3, part of 4.1, and 4.3 )
* Lecture slides

UNIVERSITY

Summaq of phase portraits and their Effect of perturbations
equilibriums

tabl e tabl d ddlle it . .
A =0: e <0 iR el Lo Perturbations in A +/A]
ImA; #0: ReX; <0 ReX; >0 ReX; =0
stable focus unstable focus. center point o . . . .
« Structurally stable: the qualitative behavior remains the same under arbitrarily small
Z ' . .
2 “ s o= Aot perturbations in A
~ T ~ Examples: a node(with distinct eigenvalues), a saddle or a focus
N N\ 7R
» + Astable node with multiple eigenvalues could become a stable node or a stable focus
‘*‘" "‘ + under arbitrarily small perturbations in A
« Acenter is not structurally stable
7 = =51 B
£ [ rﬁ] z - [w ] T

7&)
/ e of
L - Lunp

UNIVERSITY



Linearization around an equilibrium point Predicting behaviors close to equilibrium

R 4 of
= — e

. . . . . . L= g o “

Linear approximation of nonlinear systems (Taylor expansion) &= 1) Linear approximation = _ %

Z~ A% Valid when | det(A) # 0
| ) . ) L —)
&= f(@+a) — = [+ 2G| #+HOT. e
=0
l * L where A = %L (a*)
F=z-=x and g = f(z) - % (e*)z € C" and 4@ 0as |z 0.

* x5 1. 5 .
fla) = f@*) +Jp(2")Z + ng®1 T E = fe) + Y (e)F + HOT.
Jacobian Hessian fla*) =0 @
772 | Center

l 272
P T node node
QL OOl f1 &= 5 (@)Z+HO.T. saddle saddle
QK %_E E’E %E \ focus focus
Jy(a)= |2 0 - [ﬁ] unstable M, A >0 —>unsdbie
o : : : 2 . o stable A1, A2 <0
%o . o - EINEIRSE 2 A =0
Linearization around a trajectory Linearization around a trajectory
Idea: Make Taylor-expansion around a known solution {z* (), u*(t)} satisfying
the differential equation: - Couili briun privy
. - + i Hence, for small (z, @), approximately
)} B A B S -
dt b #(t) (t)+B(t)a(t)
Example: if dim z = 2, dm 97
%(Z*(t)yu*(t))i(t) + %(z*(t),u*(t))ﬂ(t) o(|1z,all*) CE[O'T of o on
- = Al) = 2@ (0),u* () = [ga% %%] (*(t),u* (1))
L o o
B(t) = 5, (@ (®),u" (1)) = [Z;L;} (*(8),u* (1))
x4
Linearization around a trajectory Time-varying Linear Systems
Linearization of the output equation y(t) = h(z(t),u(t)) around the nominal Example: Time-vavy {ug ,
output y* (t) — h(a*(£), u" (t)): g e ~ T
21z 1) §(t) = C(O)F(1) + DR)a(t) 0 -1
y=h (x,m)
%=1
i,

Second order systemi.e. dimy =dimz =2, dmu =1

By just chedking the clgoualuet

— b o woula +hxd fhe
oh 9z Oxn emeone
ct) = (z*(t),u*(t)) = [ : }(w*(t),u*(t)) A

" g;? g:; origin js sHable.

: aﬁz An sodve fivsd fov
D(t) = gu(z*(t),u*(t)) = [Zn‘] (z*(t),u* (1)) fowever, we cdn So l p
. 7, end theun  shbgHbute T %

omd  Cxlize  Fhe Ay grows i bruneleg



Time-varying Linear Systems

Z(t) = A(t)Z(t)

N[A() + AT (1)) < 0 ’V%-' Stable
MAD) + AT(0] >0 Phap  Unstatle
N[A@) +AT(0)] =0 V‘ZT- No conclusion

Lovall ¥
ex[shf]%

———
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Periodic solutions and Limit Cycles

An isolated closed curve in the phase plane

Closed: periodic solution
Isolated: limiting nature of the limit cycle, nearby trajectories @

either converge to or diverge from the limit cyclem

)

7T

i —e(l—v)o+v=0

e

UNIVERSITY

Stability of limit cycles — matching quiz

chect fust dhe stabilty  of 4ne 4

ortrail @ resperds £ g A P
? By = @ — a1 (a2 4+ 23 — 1)24 . fr e ) — 1=
(€3] EVIE Ly s ]

G = —xy — xo(a? + a3 — 1)?

[&\ z‘1=zz+zl(z%+zgfl)Ng’L:Ll 1 l(({z‘1=z2—zl(z?+zgfl) R 1 { .
Gy = —z1 + z2(2] + 23 — 1) -1 - By = —ay — @o(a] + a5 1) K

only +ae Unedrizotion

a=-\E) ot e “3v:awkg)5\15m l1L\ 4lﬂa =
b uvns)(mll eiqenviiuey [ gen>y

Fg 4. (<€) Ff'ﬂ/L Fig. 3

Co8) L If W is5 ungtalbre e  systeuc phose

Periodic solutions and Limit Cycles

« Asystem oscillates when it has a nontrivial periodic solution:
z(t+T)==z(t), ¥t>0 for some ©>U

Jc>

Ao F=0 TE)= rf“) V

P EE 2wy (e
Bot wt X(

The system has a sustained oscillation of amplitude 7(0)

Example:

» Harmonic oscillator LC circuit

- Small perturbation will destroy the oscillation (e.g. resistanc
- - The amplitude depends on the initial conditions

.

UNIVERSITY

Stability of limit cycles

« Stable limit cycle: all trajectories in the vicinity of the limit cycle converge to it
= Unstable limit cycle: all trajectories in the vicinity of the limit cycle diverge from it

« Semi-Stable Limit Cycles: some of the trajectories in the vicinity converge to it,
while the others diverge from it

»*

71
ES UNIVERSITY

Stability of limit cycles
(linearization around a trajectory) I
« Study the stability of the trajectory (sint,cost)

U (sink cost) =
o (5 ¢®6)

2sin’t [ Hsing cogt

&y =3 +a(zt+ai-1)

&) ~1 L Qint ot AT0sY
- s+
Pleg in Ijh@ -/zllAJtoIé—zo(vzﬁlJrzg 4#) wnd verfs ;@‘,§(X_")
Z, = sing 4sinth QSWE@&* Sne kﬁ: %
4, = cost AM_ AT 1o e —clepedad
. we. carmot
V 2, - cwst + 6 &5WLDS«¥ Af[Dﬁer o netecie by
wswe) = ost Checking T pe
} o Al a S
Coteutatre | the Jrcobli K= A=) AN
L) 2K A DX ! T
O x, %) = 2
ax vz ] 0vva-l Oyl -1) 2% URveRsiTy



2, 2 - .
4 07R) 23+ L,
+ Change variables 7 =+/az7 + 2} 0=arctanzz/a;

Yo
. [
i1 = x — a1 (] + a3 — 1) % )
iy = —a1 — ma(a] + 25 — 1) ¥
—

i I r{(r Z3) - (H:i)z

1

=l
Vzita3

(@1 + 22d2)

i1 . Ity \f rp) e T(0)&O
0= gy (@om1 —a2dy) - - L decressin but  will i
— Ofher wise rois 9
a o e
%(ﬂ) = 2_‘1/E chiulor@ =4 dn :
red) I . F(o) 4B
£ (arctanz) = s ) vie) L (

chosed forvy v 15 deredsing whtil 77D

UNIVERSITY

Unstable equilibrium does not mean unbounded
trajectories

Ty = 2

dg = (1—a})z2 — 21 )

T2

For £ Jq;m‘nj zyflc’s
i pe Lmjt gyete
he %va‘jwwfj will d/wé‘ig’
escdgc R evey 14

iHostwds very  close A s e s 4 ws 0 oas 1o oz oas
@zrwblar\'um.

UNIVERSITY

Convergent but not stable

Solution with ODE45

232 — m1) + 23

(2] +a3)[1 + (a7 +23)?] '
23 (w2 — 221)

(2] +a3)[1 + (a7 +23)?]

&y =

Ty =

UNIVERSITY

Otherwise the equilibrium point z* is unstable.

Stability of an equilibrium point

Consider @ = f(z) where f(z*) =0

xz
Definition The equilibrium z* is stable if forynéy R> r>0

such that

lo(0) —a*|| <7 = [la(t)—a*| <R, forallt>0

» Use the term “stable (unstable) system” only for linear systems

* A nonlinear system have more than one equilibrium points that each one
can be either stable or unstable

Unstable equilibrium does not mean unbounded trajectories LUND

Local vs Global Stability of Equilibrium

Definition The equilibrium z* is locally asymptotically stable (LAS) if it

1) is stable &)

2) there exists r > 0 so that if |z(0) — z*|| < r then

z(t) —a2* as t— oo.

Definition The equilibrium is said to be globally asymptotically stablef&ﬁ&

if itis LAS and for all 2(0) one has
[ q_/ #ed) )

\

z(t) — z* ast — oo.

~ UNIVERSITY

~ -

Exponential stability

Definition The equilibrium is said to be exponentially stable (ES) if there
exists to positive constants a and ) such that:

llz(t) — z*]| < al|a(0) — a*|le™*, forallt >0
e e e e

Global: For all z(0) xc4)

Local: For ||z(0) — 2*|| < r

UNIVERSITY



FRNTO5 Nonlinear Control Systems and Servo Systems
Lecture 4: Describing function
analysis

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR ~ WWw.yiannis.info
AUTOMATIC CONTROL, FACULTY OF ENGINEERING. yiannis@control.lth.se

Motivation: Nonlinearities in the control
system '

{ Saturation

emc® . o .
o e Controller 77T t Motor ra/‘nés er function
! i : 0

L 3 — / _._._.' _km 1
~G.(s) T S, 1]
o [ N ; :
‘,,,%””’M&/’Tw(? +$ )
o
Ty sime consdind
- pole
P
Nonlinear element

Motivation: prediction of persistent oscillations
(limit cycles)

Oscillations can be desirable:

electronic oscillators used in ' I N )4
laboratories. \g/ * /
o L
i 05 A{
! 7 21 t

Oscillations are undesirable

- Oscillations are a sign of instability, tend to cause poor control accuracy

— Constant oscillations can increase wear or even cause mechanical failure

Outline

* How to obtain a describing function for a nonlinear element in an “almost” linear
system

« Prediction of oscillations based on extended Nyquist Criterion and the describing
function of the nonlinearity

Motivation: Nonlinearities

« The physical system (the plant) may contain nonlinearities

ma+dx +b¢$+@: ow |07 L
g Sy =-d L1+ kwf_ydﬁifn(x)
Y=c % ) Hfsj;éfﬂvﬂcf b
S P
{izj‘,{(sz‘tdh) vmlu
Lo Y= kyl%i f(z)
LT: ms*XG) +els X +kX(s) = - Uls)
Coulomb Friction  —k.sign(z)
Hardening spring  f = kx + kj,23

Nonlinearities: Single-valued nonlinearities

« Saturation
nonlinearity

() f(x)

Increasing slope +  On-Off (relay) nonlineari

f(x)

Saturation
level

Slope

Ly x
« Deadzone nonlinearity

f(x)

/F @
Dead




Nonlinearities: Backlash Odd and even functions

+ Odd functi —x) = — * Even function —_r) —
The input gear started Odd function  f(—) f(z) — f(zz) = f(z)

rotating to different directio?:\ outputangle f;} f(z)dz =0 ffa f(@)de =2 fr;l f(z)dx
[y 15* :
LTS
-b
) ! D/ /|:< « Examples )
* Multi-valued Deadzone ' Saturation
+ The output depends on the The output gear does not Coz{actgs . —/— . Odd functions-with
input and the history of the move until contact is achieve xf(z) >0
input (re)established _ un
Describing function analysis Describing function analysis

o Y

—= -c&s) -2

J » Form of the nonlinear system
Y

w=f() H G(s) T

* Assumptions
Single, odd, time-invariant nonlinear element f()

Low-’/@ transfer function G (S) « Reference is set zero to study self-sustained oscillations

-

* Replace the nonlinearity with a quasi-linear component “ o . . .
» “almost” linear system or genuinely nonlinear system (written as shown
+ Use tools from linear control systems design to examine the existence in the block diagram)

of oscillations

Quiz: Write the nonlinear system in a feedback

Almost” linear systems - form where the nonlinearity is in a block

« Linear Control Design and linear system

» Implementation involves hard nonlinearities, e.g. actuator saturation m
or sensor dead-zones ! -
« Contain hard nonlinearities in the control loop but are otherwise XX r=0 3 1 T
linear o kn |ms2tknstk
"= o=@ ew |- i icti ;
c 8 Viscous Friction — —k, &

Hardening spring  f = —kx — kpa°




Fourier Transformation
= Asin(wt) fle) =
u; 1 W L : \ sign(e) | 1

J| — -
‘ .

Input ¢(t) output w(t) =

05
|

El

El

Output — Periodic function

wit+T) =

~
g

—~
~

~—

G, COS(Wﬁsin(nwt):

Wﬁ/w@tﬁ@s(nwt)d(wti
)d(wt)

L7 w(t)sin(nwt

The linear transfer function as a low-pass filter

» “Filtering” Assumption: the first harmonic is taken as output of
the nonlinear block
M sin(wt + ¢)

Asin(wt wi(t) =
wi (t) =
,/a1+b2 (b—arctan al,bl)

w = f(") ég(?‘l

ay cos(wt) + by sin(wt)

Describing Function (cont.)

N(A,w) = Lei? r=0

w=f() H G(s) 2

N(4,w) = (b1 + jar)

« Extension of the notion of frequency response for systems with
nonlinearities

» Depends on the amplitude of the input signal in contrast to the
frequency response for linear systems

f(Asin(wt))

N(A,w) =

N(Aw) =

The linear transfer function as a low-pass filter

wt)=%2+> [a, cos(no.it) + by, sin(nwt)]
Tt
w= 101 66

Astnlert)

r=20 ya\cm

(W)~ by Sin

« If the transfer function is acting as a low pass filter the output ¥ will be mainly
affected by the first harmonic of w

w(t) = wi(t) = a1 cos(wt) + by sinwt) |

* The method is based on approximations (heuristic)

uj

Describing Function

Input of the nonlinear
element

Aejwt

Output of the nonlinear element
wy (t) = MeUwtto)
o=ro -
wi(t) =

(b1 + jay)el™!
 Describing function definition

Output
N(A,w) u pu IEL LN N(A w) =2 G-

- N(hw) =]

Input

MeUwtho) K Qu%@sf
Ao

Describing Function —special cases

M j r=0
7€]¢

w=f() H G(s) 2

L (b1 + jay)

« Itis real and independent of the frequency when the non-
linearity is single-valued

«Why? ap =2 "

_1fw

w(t) cos(wt)d(wl) —— -« Imaginary part

) sin(wt)d(wt) —— « Real part

wi)



Describing Function — Example

a; =L [T w(t) cos(wt)d(wt)
=1 7 w(t)sin(wt)d(wt)

N(Aw) = (b +jar)

sign(e) [

~ Nyquist criterion: Definitio

(— <« e S+l [s-1) (s-2) + (stJ
—> foruarol F r Csfi)(g»z) 5052
G(s) * The characteristic equation of the
Véﬁ — Q“’*Msystem: )14 G(s)H(s) = 0
@L Fee a{@ s)=1+G(s s) =
( H(s) ) * Poles of A(s)-> poles the OLS system

+ Closed loop Transfer Function eros of A(s) D poles of the CLS system
T T G(s)

+G(s)H(s + Example:
* Open loop Transfer Function - 511
Gl =ttt o v SSRGS
T bpst 4+ bis+ by

m < n for proper/strictly proper transfer function

Nyquist Criterion

* The number of unstable Closed Loop Poles is equal to the number of
open loop poles with positive real part plus the number of clockwise
encirclements of the point (-1,0)

Por =N(-1,0) + Por

» Given a stable open loop system, the closed loop is stable if the
Nyquist plot of the open loop system does not encircle the point (-1,0).

Describing Function — Example
wee) E30gn (sinwe)
=1 [" w(t)cos(wt)d(wt)
_ 1 j‘ U)

sign[sin(wt)] cos(wt)d(wt) = 0

N(A, w) :é‘jbl +ja1)
) sin(wt)d(wt)
=1

1 [T o 0 _
a1 =21 [T cosodo=—-1 [° cosodo+ 2 [ cosodo =0

=L/ &Wld(wt N(A,w) =

e N (=~

by = gﬁsinadaz 2
™ ™

coso|f =

Nyquist contour and plot

* Nyquist contour * Nyquist plot Example
dm Hs) Ges) I Nyquist Diagram
. .
g o
G(s)H(s) = = e
A path that 03
encircles the right- Number of clockwise 7::4
half s plane encirclements of the o 05 ealAds o8
point (-1,0) 1
S
GO =6 -9
* Nyquist Criterion
Por, - Por, =(N(-1,0) G ) = Q) ige

Nyquist Criterion: Quiz

s+1
(s—1)(s—2)

Nyquist Diagram

) (s+1)2+2
GOHE) = G

Nyquist Diagram

G(s)H(s) =

Imaginary Axis
Imaginary Axis

] 0.5 X 0 0.5 -0. 5 5 o
Floal Axis Real Axis
Stable or Unstable? LUND



Nyquist Criterion

i

A(s)=14+kG(s) =0
A(s)=++G(s)=0

- O,

Necessary and sufficient condition stability condition for
systems for le open-loop systems:
The Nyquist plot does not encircle the point -1/k

Extension of Nyquist Criterion for Describing
Function Analysis (Stability of oscillations)

—(OHN (A, wH G(s)

Necessary and sufficien stability condition for

systems forsystems with stable (open-loop) linear part:
The Nyquist plot does not encircle the point TV—(;xlT)

Stability of oscillations

Point is encircled
Oscillation amplitude
increases

t Im ! Im

J

Oscillation unstable L‘G(jw) o Re G(jw) S Re

~1/N(A,w)

—1/N(4A,w) \
= \ Oscillation stable

Oscillation stable

» The amplitude and frequency must satisfy (*) — Harmonic balance ,

« If (*) has no solutions then there are no oscillations in the system Lun

/ //
/ Point is encircled
Point is not er)circled Pomf is r.10t enc1rc.led / _()sc.llanon‘amplltude
Oscillation amplitude 3SCI"atI0n amplitude increase
decreases ecrease

Oscillation unstable

Stability of the oscillation: Does the oscillation continue after a small perturbationum A?

Extension of Nyquist Criterion for Describing
Function Analysis (Existence of oscillations)

 Assume that there exists self-sustained oscillations [/ ¢, (J‘W)N(A/M)ﬂlo

[ = —U w=N(A,w y:gjxw)N(Aaw)(i
O_.+ l -

RO y(t) #0
Yy

YA (1 eganas o)

Stability of oscillations

! Im ! Im

GUw) J Re GG«) /’*’J Re

r//
Permanent oscillation: Commo‘n point of the Nyquist diagra G(jw |

and the plot —1
N(A,w)

Stability of the oscillation: Does the oscillation continue after a
small perturbation in A?

Example — Prediction and stability of persistent

oscillations
oz
F—o—F—{ =
@ ~J+[ il staes)
) v
m[ﬂ - '/m: ~An

Nyquist Plot — Describing function

System Response




Example — Prediction of oscillations

iL ] = = G(s) = o5
” * i e nana) s s(1+s)2
K =02
o L )
= 5 bt

K -
—2w24jw(1—w?) -2 -y (= vﬁ

Kw(l—w?)
4wttw?(1-w?)?

G(jw) = orrgar =

n 2K w? n
dwt4w?(1-w?)?

.

Reatforis = Trad/§  G(j1) = &
N(A) = %
For K =0.2 A =0.127 EHNR

UNIVERSITY

FRNTO5 Nonlinear Control Systems and Servo Systems

Lecture 5: Lyapunov stability I

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR
AUTOMATIC CONTROL, FACULTY OF ENGINEERING.

Example (nonlinear spring with external force)
« Differential Equation
Nonlinear damping Hardening spring

« State space representation
Velocity: T2 = &

Position: 1 = &
Potential

Kinetic
* Plug in the system dynamics

www.yiannis.info

miﬁ+b\|:icf|:ij+kox+k1x3:()

2 Z « Derivative along the system trajectories
. mx g Y ]
« Energy E(x,t) = + / Fspring ds
0

“ mi = —b|&|& — koz — kya®
4E A i oy o X 3\»
Ie;/{7 + G (2, 8) =[mig + ko + kyo®i Tthos vt &) s -

d
—Bw.d) = —blili? <o -

UNIVERSITY

3

Describing function analysis: pitfalls

» DF analysis may predict a limit cycle, even if it does not exist.
« Alimit cycle may exist, even if DF analysis does not predict it.

« The predicted amplitude and frequency are only approximations and
can be far from the true values.

UNIVERSITY

Outline

* Physics based motivation

« Lyapunov function candidates

« Local Lyapunov Stability

* Global Lyapunov Stability

* Lyapunov stability for linear systems

« Lyapunov stability with linearization

UNIVERSITY

Lyapunov function candidates

V(Ct) )= RNis a Cﬂ oxists —+ conHouous
Dn

{
V[%’/XZ/MJ . )
V() is positive definite if V(x) > 0 V{z§ # 0, and V(z) = 0 only if 2 = 0.

V (z) is positive semi-definite if V (z) > 0 Va € €, 2
Vx) = 22 4%s

exmple
2 2
X+ X =C

Jevel seks
Lyapunov level set where V' = ¢ (¢ constant)

ch{zeg%ﬂ: V(z) <c}

-
L3 + X2
For V2X T _ v ov] LuND
TV =[x, 24] oz — |0z Oxp vt Dw, | U
&=



Lyapunov function candidates — positive

definite functions
i) Ltz (3], x=l3]
V@ =5 g cemaerie

V(z) = 2% + ax}

VIx*) =v(#*) = o

f ave  pd X1 =0 . .
when =
Vixyzo when Xz =y ! Yo

Rz ,ka,

Vi) =2} + (@1 —az)? VOO

coun idefinide V(A = o ey

V(a) = (21 4 22)2 - posttive

h(y) increasing function with h(0) =0
selukion - o

V@) =[5 hy)dy + 25}

V(a) = h*(x1) + 23 LI T
Yyhydz s
Xy
Ve[ hepdy #2°
L zero 4;' 7z=0

¥ his ho) = hoy) jmuw
oD N2 ho) = jfoga/‘/_g

tneredging hp)=p

Differentiating Lyapunon function candidates
along trajectories
e 17 ov «

v ~ov oz L
V(z) = =2 a—mifi(x) V(z)=c _ x(t)

V. _ |9V 9V oV
Oz ~ | Ozy? Oxo? """ Oz
Example: V:LZX‘ZJ» %X&Z
i) = —x1+ 2129 T1 = —xy+x1T9
. . 2
XTo = —mz—x% T = Iy — XY

v = }i,)(’, +>(1>,<z

= %32 +x%l_y§ 4/}42
“le

=~

VN Gy ijwmij
[ -Xe

=y x% + R~ x%z = D'I""HWR

Energy conservation and dissipation
(pendulum)

Ml + k0 + mglsin @ = 0
lﬂ i‘l
)

V(zy,z2) = E(6,6) = %mf292 + mgl(1 — cosf)
"

T2
b9 _k
w2 — gsinxy, b= 7

év;argy binetic potrentol

No friction b = 0, lossless mechanical system Friction b > 0, damping

é(s,é;: mlZ66 + myé;;‘mé?&.: YA

if bso E=0O

Lyapunov function candidates — quadratic
forms

For a symmetric matrix M = M7 all eigenvalues are real and:
e 2T Mz >0, Y # 0 <= M positive definite = NM)>0, Vi

e 2TMz >0, Va <= M positive semi-definite <= X\;(M) >0, Vi

v=nt= [0 [ 2]1%]

%t 2 igs (M) = (O, 1
= A PR el £ @TMe £ Al Ve ogs M= 07 L)

N o A n ke

« For a symmetric matrix M = MT

Proof idea: factorize M = UAUT, unitary U (i.e., ||Uz|| = ||z|| Vz),

NL
A =diag(Mr, ..., An) T

2 2 w772 -l fa
- (X - - !
Viem ™ 00 =) [Yz] LA r][x;j
det@) = 4 =0 !_% eigs 6
2,1 >6
Amax(MTM)||z||, Vz ™ M- poshe def. o

« For any matrix M

Mz <

Energy conservation and dissipation

oV «
Oz,
. )% 1% v a(t)
V(z)= —&= — fi(z Viz)=c¢ ,
@)= 5p# = 2 g, @) :
o _[ov ov  ov -
Oz ~ | Ozy? Oxo? """ Oz QU
C’W&fj >
Conserughio)
[-.-.3 L 1 a’b=ab = lalllbl cos9 wngle behvees
+ Energy conservation: V(z) = ¥ f(z) = 0, i.e, f(z) L 2%, 2¥: normal i

to the level surface V(z) = ¢ > inner proouct

+ Energy dissipation: V(z) = 2Xf(z) < 0, i.e., f(z) 4% forms an angle
bigger than 7/2 smaller than =
(equal)

Local stability of an equilibrium point of a

nonlinear system — Lyapunov’s Direct Method
&= f(x), fl@a*)=0 a*=0€QCR"

[ —V(m) Positive definite ]

JV:Q-R Asymptotically
Stable Equilibriu
V() Positive definite
. ,{ Fo X X
—V(x) Positive semidefinite Stable Equilibrium Xg =%y —x,?

Vs B9 285 P | o] shble

([ =- a
%’r XY e LR ] Jzo
e R
Slubiliyy o4 (0,0)
€q. poink V posHive debinite 15 b
*=X=0 s = [0,0) apywpt. sToble
N :«XF*X; Ly TN pos.dd 1) oy




Sketchy proof of the basic Lyapunov Theorem
on stability

Stability analysis of eq. for the pendulum
*=0 VR, 3I7(R), z(t) starts in B, ={z e R:|z| <r}

i‘l = T2
{ po = —Lop,— i —k
0 remains in B = {x € R : ||z|| < R} C Q 2 m®2 —gsinay, b=3
Lquilrbeiung X2 = O
0 sinzo = xp=Zxnn
Choose {1y ={z €W+ V(z) <} C B By wsswming 2= {2, <] (%)= by
Choos = : & e
) © r={zeR:lz] <r} cQ, V(xy,20) = %mﬁig-l—mgﬂ(l—cosxl} p.d in 2 - n 2
V(z(t)) < for IxJ<n
[l < r mp V(z(t) < V(£(0)) =g, ¢ > 0 | -tpr)>°
When Nou sLAn Br e V(xy,z9) = [mglsinz; mlzy]” by —2ﬂsinz ] =-blPz} <o
Wworst? #nak  com haper ' *; z(t) €, ,Vt>0 vy — §sinz
ey i V(x) g Vire] = LunD Based on e Theorem  dhe  conclusion. we moke s ot Lunp
7?2 brajedovy Y i Sty < Be, x(t) € Br,Vt 20 Hhe  cp (o8) is Stable
Stability analysis of eq. for the pendulum Stability analysis of eq. for the pendulum
ili T2 T T2
&g = —o-ap— Isinay, bz’;? T = 7%$27§sinm1, bz%
0 % We cannot  malee  oLny  doncluiion lﬂ _ 17 _ _|pu pi2
l for  wsgmprorie  slobl ity V(zl,zz)—Zz Pe+mgl(l = cosz), P = P12 P22
(stadilidy and  Comergence) 1 1 pet for
( | 1, mg( ) b e V= Epumf+p12:c1352+§pzzz§+mg€(1fcosx1, P Pao—Pia 20  PUZD
V(zy,w2) = -mid; + —(1 — cosay ¥ 4 rher  investly . )
2 ¢ e nee considering  wnother V = puziis + prawids + puaiy + pasvady + mglsingymy  peremeliete v
bﬁ €J ) Subghidde ke system dyndmics
o g w Yyipuow furce
V(z1,22) = [7 sinzy mas) _7[:1@ ~sing, =

V = priz12a+praty (=Lay — sinay)+paras+pasms (—Lao — Lsinay ) +mgl sin zy

V= (P11—P12—@ p12@+@21-p22-@+ mgl — paz$)aosin
LUND Group The  Herms Fhat  jnuolve e sires

UNIVERSITY

Stability analysis of eq. for the pendulum Stability analysis of eq. for the pendulum
The Ferms wundevidined

h@uev K”DWW Sigh ;il = I
dy= —Lg,— Isingy, b=14 in e ;J/X,/dr’i/wﬁ dy= —Lawy—Ysinz;, b=1
1 1
o V(zy, 22 :—zTPz+m21—cosz1 , P= b P12 f V(xy,xo :—zTPz+mg21—cosz1 p=|Pn P2
g P12 P22 2 P12 P22
1 The —+erms 0 bexes oarc 5
V= 2]711331 + p122122 + p22332 + mgf(l - COSZ‘l, sign indefinide (shoutd sz‘ﬂ (am 1 ) 1 , P11 = % P12 = %
2 B ey sign i == — 1-— )
pripas — p2y > 0 O < p1a < b2 ﬁjf >dmr ern “ Eﬁnmins V = 5pudi + paies + 5pat; +mgl(1 — cos 1) S
220 =
V= (pu1 —P12;ix1$2 plﬁg@‘k (P21 —p22 x5 4 (mgl — Pzz% Voo M
[ =% %sinx >0 . y . 2 . ==  (00) dJsymptoHic
P12 >0 7% P12 < p22— Pag = mf? V=—-%z sinz; — %x% -V pd %) / J
0 < pia < b2
b’z2 2
P = P12 = i -6 pa=

Stoble  equili Lyi
9 LUND
— ot e

UNIVERSITY



Global stability of an equilibrium point of a
nonlinear system — Lyapunov’s Direct Method

&= f(z), f(x*) =0

*=0Cc R

VR - R
V(z)

Positive definite

—V(z)

Positive semidefinite

Is it enough to consider ) = " ?

[ —V(.’L") Positive definite ]

Asymptotically
Stable Equilibriu

Stable Equilibrium

Radially unbounded functions

Example:

i = —2(mites)
27 T(1ta?)?

{;icl = (e + 202

Radially unbounded function: V(z) — oo as ||z| — oc

@

37157 + 373 radially unbounded? ., _ \ *
2

1

N is
2
closed Lyap
sets
1
V<

aen bovunds

Lo by?
~“hen V”2+

B
Find
of V=c¢

with X= o

COwmmony

poinds

2L
- L X" ~«¢

_ )
2 43x2 c=5 KU

Uo common poiddy

Lyapunov function candidates — radially unbonae o

functions

V(@)= [y" hly)dy + 23 W)

)

V(z) = h?(z1) + 23

function s

increasing function with
h(0) =10

Study the stability of the eq. point

Example:

G = —2(@1t22)
27 T(1ta?)?

{"1 = (g 120

1 a? 1
“sirmtad P
Ve ke and, =—68 - zw’ ~V  pd
(tx2)? D et)?

7

o symplysteb L e glodat
- ok the wert
> ¢k e

Lyapunov function candidates for global
stability — radially unbounded functions

V(z) = 2} + ax}
V(z) =z} + (z1 — 22)?

V()= [o" h(y)dy + 23
h(y)

increasing function with
V(z) = h*(21) + 23

(0) =0

Global stability of an equilibrium point of a

nonlinear system — Lyapunov’s Direct Method
&= f(x), f@a*)=0 2*=0€R"

JV R SR [ —V(x) Positive definite }
Asymptotically
Stable Equilibriu
V(z) Positive definite
ba L
V(z)  Radially unbounded e e T
—V(x)  Positive semidefinite




Stability of an equilibrium point of a nonlinear
system — Lyapunov’s Direct Method
i=f(z), f(@*)=0 2"=0CR" Q(R™)

[ —V(.’I:) Positivedeﬁnite]

Asymptotically
Stable Equilibriui

AV QR o R

V(z) Positive definite

V(z)  Radially unbounded
—V(z)

Stable Equilibrium

Positive semidefinite

Q(R™)

UNIVERSITY

Lyapunov analysis for Linear systems

Linear system: i = Az G Ar — -1 4] [
- 10 =3 |

To check stability:

1. Find the eigenvalues of 4, \;. Eigenvalues of A : {~1, -3}

2. Verify that they are negative. = (global) asymptotic stability.

Try to prove stability with:
V(z) = [l = "2 =x®+x,"
Vo % s
= xZ AN, -5t

2 deb(M) = 3 ~l=ny

\*[X\]T\A 2 (_\ N
Tl Lz 3]L7?—J v

is wol pud. Lunp

Stability of an equilibrium point of a nonlinear
system — Lyapunov’s Direct Method
i=fz), f@*)=0 2"=0€R" Q(R™)

[ —V(z) Positive definite}

Asymptotically
Stable Equilibriui
Stable Equilibrium
\’/Lxﬁ?o bet
L= 1+ depines « sed of cquitiori
Q(ﬁRn) Even of VeO=o
dhe Fregestory
Ul N cun eScape 4
Vix)—=> e s xl—> Infvn it if
wnwwaa ag e 2ty .l.‘hl.e.,st
wnbounoleeln €55 IS net Serssdieof

AV QR o R

VX
V(z) Positive definite V(*)

V(z)  Radially unbounded

—V(z) Positive semidefinite

Lyapunov stability analysis - comments

« The conditions of the Theorem are only sufficient

If conditions are not satisfied:
It does not mean that the equilibrium is unstable.
It means that the chosen Lyapunov function does not allow to make a conclusion

It requires further investigation
v try to find another Lyapunov function
v' Use other Theorems ©

UNIVERSITY
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Lyapunov stability analysis - comments

* The conditions of the Theorem are only sufficient

If conditions are not satisfied:
It does not mean that the equilibrium is unstable.
It means that the chosen Lyapunov function does not allow to make a conclusion

It requires further investigation
v try to find another Lyapunov function
v' Use other Theorems ©

UNIVERSITY



Outline

« Softer conditions

» Convergence rate (exponential stability)
* Invariant Sets

* Region of attraction

» Asymptotic stability of invariant sets

« Lyapunov stability for linear systems

UNIVERSITY

Example (revisited)

V(z, i) = (2ma?|H 2kox? + kiz*) /4 > 0,

36) ) L> pnetic potenti
V(x, &) = —b|@|® gives E = {(z,4) : =0}

V(0,0) =0
energy
mi = —bi|i| — kox — ki

* V< 0 (itis not negative definite because it can be zero for all z)
ne gotive semiehebiniie
cV=0=2i=0=""ka(l+ 22?) =00 =0
Vzo implies X2o
Dvéfmw'm“j we goF
>( O,
su b st ry

Barbashin, Krasovskii or LaSalle

GE) we gof
Global asymplotlc stablhty of (z,&) = (0,0)

UNIVERSITY

Invariants Sets

Invariant set M/ for the system @ = f(z).

2(0) € M = a(t) € MVt > 0.

Examples: Aggru“?ﬂbrfu{m points

~ Limi4  oyedes

(PVVL

s efs

_ e whede

_ Lyuzpuwo\/

Asymptotic Stability (softer condition on V)

Barbashin, Krasovskii Theorem (LaSalle Invariance Principle is more general and proved afterwards, we
can call this LaSalle Theorem)

Theorem: Let i = f(z) and f(z*) = 0. If there exists a C* function V : R — R

such that
We eeld (1) V(z) > 0forall z # z* and V(2*) = 0
+his
JoSle (2) V(z) - cas |z|| = ( Eind +he solurion corresper
N | mding o VZ o
Theovers | (3) V(z) <0foralla 9 Substriute ta X=fo9
: . hoows

anol we (4) No solution of & = f(z) can stay identically in E = {x eER":V = 0} snd SR

i+ except of z = a* et oy
use ptotz =z Jo x=X
wh e then z* is globally asymptotically stable.
. ‘\7 s not rpbéH“hVQ definide

UNIVERSITY

Exponential stability

Theorem: Let & = f(x) and f(2*) = 0. If there exists a C* function V : R — R

and numbers a, ¢, ¢ > 0 such that %= \

pre [ V)=
ot
gj.{g«%”” @) V(2) > ez —2*||° > 0 for all z # 2~
b PP @) V(w) < —aV(a) forall 2 From (3) MT}ZM
(@) V(z) > ccas |z = oo oty £ V@) o -z
then z* is globally exponentially stable. From (2) . Cat
(¢ < ViB)e
| %~ x*1l
radially unbounoled <

1 a
T gt
= Rl <\/(O)>C ¢ -«
<

UNIVERSITY

Lyapunov sets as invariant sets

ce  mext stides

explomgtien ¥
0 s mot imveviast

- Notice that the condition V' < 0 implies that if a trajectory Lor
crosses a Lyapunov surface V(z) = v it can never come
out again. {0 = Foa) £k )

o
Why? V0= V) < VE0) <v

V(xe)) € ¥ a(t) €

why

={zeR: V(z)<~},Vt>0

« If V(z) € C' and satisfies V(x) < 0 along the solutions of
i = f(z), then the set:
={zeR: V(z)<~}CQ

is an invariant set.



Region of Attraction

Local asymptotic stability theorems guarantee existence of a possibly small
neighborhood of the equilibrium point where such an attraction takes place

The region of attraction to the equilibrium point 2* of the system @ = f(z)
is defined by R4 = {z(0) € Q: 2(t) — 2* as t — oo}.

If V(z) € C' and satisfies V() < 0 along the solutions of
i = f(x), then the set:

Q={zeR: V(z)<~y}CQ

is an invariant set and can be used as an estimate of re-
gion of attraction.

The estimate of the region of attraction based on Lyapunov
level sets is conservative 2, C R4

UNIVERSITY

Example 1

A= O _( 2% _ -
Example: 4 =2 PR A, = 2 gy
: 2 Yt 2T ‘ N
P ) L = ((-22) %, 7= 9¢
! <_rlz+(m,)2 : 2 -v:zﬁ;ﬁ 323>0andV(0) =0 _, , . Loripon
iQ:(l—z}L;—Q when o<l ¥

12% is radially unbounded for V(z) < 1

V= it b = bty — 2 <0 V(0) =0

4 =0
The owys K270
/ﬂi’cf/ayﬂ with

« Local asymptotic stability

...> Estimate of region of attraction
R T Jwhen T2 Q=zeR*: V() < Y
1 \/(x)‘c is closce

UNIVERSITY

Example 3

Van der Pol equation in reverse time
T = —xy
i1 =21 — (1 —2?)z

= %(a? + 23) positive definite for all z

V = —(1 — 23)z3 negative semidefinite for |z1| < 1

The conditions for applying LaSalle Theorem for asymptotic stability are satisfied in Q = {|z1| <
1,|z2| < L} L arbitrarily large constant. Thus, the origin is local asymptotically stable.

« Derive an estimate of the region of attraction.
« Which is the actual region of attraction?

UNIVERSITY

Discussion

Why we cannot claim that  is an estimate of region of attraction?

Q={zeR": V<0}

Van der Pol equation in reverse time
1 = —x2

i1 =121 — (1 —ad)ag

V = 3 (22 + a3) positive definite for all =

V = —(1 — 22)z2 negative semidefinite for |z2| < 1

The conditions for applying LaSalle Theorem for asymptotic stability are satisfied in © = {|z1] <
1,|z2| < L} L arbitrarily large constant.

Thus, the origin is local asymptotically stable. However Q is not invariant. Starting within Q
the trajectory can move to Lyapunov surfaces V (x) = ~ with smaller ys but there is no guarantee
that the trajectory will remain in €. See the blue trajectories. Once leaving €2, V could be positive
and the trajectory may move to Lyapunov surfaces with higher +. Observe that one of the blue
trajectories is a limit cycle. Charecterize its stability.

UNIVERSITY

Example 2 _
VE VV-[X.‘J

, 5 ‘Jv ‘DVJZ
i = — o V=% +23>0and V(0)=0 Q)q A,
1=
{iz— ) = xsz +2)<7,XL
* V=3 +ajradially unbounded . 5/ g 3% ox
. +
o Vo=@ 4 2y = - - = 223 (23 — 1)

« V<0for e, < 1
'VEO?ZQEO’:i=f<E)IlEOf0[
VZ0 =2 =02 HED
‘ LaSalle -0
V

» Local asymptotic stability

+ Estimate of region of attraction
M =reR?:V(x)<1

UNIVERSITY

LaSalle’s invariance principle

LaSalle’s invariant set Theorem
+ Let Q C R™ compact invariant set for & = f(z).
« LetV: Q — R be aC' function such that V(z) < 0, Vz € Q.
« E:={xeQ: V(z) =0}, M :=largest invariant subset of &
Vz(0) € Q, z(t) approaches M as t — +o0o

Note that © can be defined indepednent of V In many cases, it is easier

to construct @ basedon Vas Q = Q, = V(x

g EMI

UNIVERSITY

4

2




Example — Limit Cycle

Show that M = {z : ||z|| = 1} is a asymptotically stable limit cycle for
(almost globally, except for starting =0)
llell? = 2% + 3.

P 2 2 _
By =ap — (2] + 25— 1) The system has one equilibrium at the origin and one limit cycle. Thus the set of trajectories

&g = —x1 — :cz(z? + x% — 1) that are invariant for the system are inthe set E = {z : ||z| = 0 or ||lz|| = 1}. We can actually
show this by calculating the derivative £ (||z|2) = —|l«[|?(||=|% - 1):
« If |lz(0)|| = 0 or ||(0)|| = 1 the derivative is zero %(Hz(O)H?)and thus the norm of = will
not change.
* ||z(t)|| = 0 corresponds to the equilibrium point at the origin @, = @2 while ||z(t)|| = 1

1= a2

corresponds to { i defining a limit cycle moving clockwise

o + Remark: From the derivative & (|[]|2) = —2]||?(||=[|?—1) and if we consider a Lyapunov-
like function v = % we can see that Q' = {||z|| < 1} cannot be proved invariant since
Vo > 0.

UNIVERSITY

Example — Set of equilibriums

% constoni

J At equilibrium
I1 = A1 — 2129 .
ip = az? Ty =Ary —x20 =0 o 2
- 1 . Ty = T €
#3=az?=0 =) 1 ) T2

¢ constomt

+ V = 1a? + L(22 — ¢)? > 0, radially unbounded

. V:ﬁ(c~)\)z?§0f0rc>)\

Eal cB={zeR: V(@) =0}=M:={zecR2: z; =0}

LaSalle’s Invariance Theorem

cr—>Mast— oo

UNIVERSITY

Lyapunov analysis for Linear systems

Linear system: @ = Az

To check stability:
1. Find the eigenvalues of A, \;.

2. Verify that they are negative.

Try to prove stability with: p=[ 0 P
Pra Pra
V(z) = HZ‘H2 =2TPx  Parametric Lyapunov function in a quadratic form

V(z) = 2T Pi+i" Pr = 2T (PA+ ATP)x  Choose parameters for P such that —V(gg) p.d.

—2TQz <0

s cq q = [2 °

]t >0 une
?2 )

Example — Limit Cycle

« Take the Lyapunov-like V = (27 + a3 — 1)?, that is positive but not positive definite. It

&y =a0 — (2 + 23— 1) \ A i
encodes some dinstance metric from the limit cycle z3 + 23 = 1.

By = —w1 —wp(af + 25— 1)
- Differentiating V" along the system trajectories, we get: V = —4 (a2 +23) (22 +23 —1)% < 0.
I 1. Choose Q = {z € R2 : 0 < ||z]| < 1} to exclude ||z|| = 0. Note that Q2 is invariant as it
! is subset of Q; = {V < 1}. Check this. By excluding = = 0, the maximum invariant set is
L M={zecQ: |z =1}
l LaSalle’s Invariance Principle
os
I 2 x— Mast—oc  almost globally LUND

UNIVERSITY

Lyapunov analysis for Linear systems

st =[0I

Eigenvalues of A : {—1, —3}

Linear system: @ = Az

To check stability:
1. Find the eigenvalues of A, \;.

2. Verify that they are negative. = (global) asymptotic stability.

Try to prove stability with:
V() el =g"a = oxlrxe?)

Vs + %%
=2 hxx, ’3><L1 ot o) . |
M) =34 =
- x 17 -2 "K):( Y
S Ay X B R

UNIVERSITY

Lyapunov analysis for Linear systems

1. LletQ =1 ) [_1 4] [z{
2. Solve P from the Lyapunov equation

ATP+PA=-1

=1 0] |pn pi2 + pin piz| [—1 4 _ —2p11
4 =3] |[pi2 pa2 pi2 p2] [0 =3 —4p12 + 4p11

Solving for p11, pi2 and pa» gives

—4piz +4pu| _ -1 0’
8p12 — 6p22 0 -1

2p1 = —1
—4pia +4p11 =0
8pi2 — 6paz = —1

P11 plz] _ [1/2 1/2] -

:>[P12 P22 1/2 5/6

UNIVERSITY



Lyapunov analysis for Linear systems

Linear system: @ = Az
To check stability:

1. Find the eigenvalues of A4, \;.
2. Verify that they are negative.

or

1. Choose an arbitrary symmetric, positive definite matrix Q.
2. Find P that satisfies Lyapunov equation V(z) = 2" Pi+ " Pr = —a"Qa

PA+A"P=-Q
and verify that it is positive definite.

UNIVERSITY

Outline

- Lyapunov Analysis for Linearized systems ~ 17¢/"e<* Lypuroy  wmeded
* Indirect Lyapunov’s Met%d

« Small-gain theorem

« Circle Criterion (the point -1/k is replaced by a cycle)

UNIVERSITY

Lyapunov analysis for Linear systems

1. LetQ =1 anﬁﬂ HXL[%X:LA\XJ < AMA)Q’MXU(L

. -1 4] Jar
X T=Ar = 0 3
2. Solve P from the Lyapunov equation - =] (P2,

ATP+PA=-1

-1 0] [pu1 pi2 + pui1 piz| -1 4 _ —2p11
4 =3] |[pi2 pa2 pi2 p2] [0 =3

—4D12+4p11} _ [—1 0’
—4p12 +4p11 8pia — 6pa2 0 -1

SPM”Q for pi1, p12 and pao gives

V-« ex [o)

7 2 Zpu=-1 1/2 1/2

Vo Do (8 IX gy 1 apyy =0 - Bi; ﬁlﬂ - [1?2 5?6] >0

2 —6pa2 = —1
2 " 61%(?) >4
‘ <V € Qe () iy | | Exponeutiod
WG wax (9) I ity o e
Fheoreon |

Lyapunov function: V (z) = 2T Px

UNIVERSITY
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Lyapunov analysis for Linear systems

Linear system: @ = Az

To check stability:
1. Find the eigenvalues of A4, \;.
2. Verify that they are negative.

or

1. Choose an arbitrary symmetric, positive definite matrix Q. Lyapunov function] V (z) = 2T Px

2. Find P that satisfies Lyapunov equation V(z) = 2" Pi+ " Pr = —a"Qa

AX:FD

PA+A"P=-Q

UNIVERSITY

Lyapunov’s indirect method

hjxm&twﬂ
Theorem Consider £ Sﬁ,ﬁ %_FL
i = f(z) cay T2 S
L ¥ S S
Assume that f(0) = 0. Linearization R S
i=Az+g(), lg(@)I| = o(llx]|) as = — 0. -
k= Qfx 4 [fog - E|x
(1) ReAr(4) <0,Vk = =0 locally asympt. stable NG D%
\ \
() : Rehy(4) >0 = =0 unstable A g0]
“

Lyapunov function candidate: V (z) = =T Pz

A2
IR [x=0

Aoepp ~q




Lyapunov’s indirect method

o Cloese @ cmd  syle PAIATP =
Lyapunov function candidate: V (z) = =™ Px
Differentiating V (x)along system’s trajectories & = Az + g(x) = + (x)

MR Ul e o parek

V(z)= zTPf 2) + f"(x)Px
VxR 45 B TPl + (o)) + [T AT + ¢T(2))Po

L v
=T (PA+ ATP)z + 22" Pg(z) = —2" Qu

AL
oTQr > Auin( Q2P| T

(b | < Ll (b

<~ A € L2
and for all v > 0 there exists » > 0 such that V= QM\“ 60 i + b %1

bl
—_— Tl
<) e

Y egend llg(a)]

Thus, choosing 7 sufficiently small gives NE -0 M[’L
N _ 2
G wﬂwpm Ko@)~ T (Pl < 0 @
O EUND
2. Awax €

Sector nonlinearity
4= huy)

Bound in sector function h € sectof

L

* h(y) continuous wrt y

h(0) =0 Fealiy = 1

'S@Vy # 0 or equivalently|kiy® < yh(y) < kay® V y

Other cases:
hey)
* hesector(ky, ky] = ko< % N

* h € sector[k, 00) = {L \ﬂta)
ittt il

* h € sector|0, 00) (first and third quad%nt

Llf E"/")’)

UNIVERSITY

Gain of a system ﬁg

HyH? = supyeg, I8¢ «Qm

|of [ull2

lleull2

Static linear relati:‘)—n> g —>y 'y_((x_) a usélgm [lll2 - ::g [lull2 :Ia:“
e (0] el 0= 2~
Stable Linear System 2 we(0,00)
i:giigz G(s) = O(sI — A" 'B+D
Static Nonli ;:_> h(:) ' (k) = sup % —K

LUND

UNIVERSITY

Feedback form where the nonlinearity is in a
block

ko h(y)
r G(s) i k1

Y

h(y)
i:A\x + 80@ = £ox)
= Ay + B aw
I LUND
1

Signal norms and spaces
Nl =\ K ch

<A
+ Asignal z(t) is a function from R to R xR

<A siénal norm jis a way to measure the size of z(t) in long run:
Mm (energy norm): ||z|» =1 /fé—" [lz(2)||2dt al o
sup-norm: |z]|oc = sup,cp+ [2(t)] )

+ The space of signals with {|z]|s < oo js denoted L. x¢¢) €47

+ The space of signals with |||, < oo is denoted L.

x(t) € L, corresponds to bounded energy signals.

x(t) € L corresponds to bounded signals.

Equivalent expression in cy domain

HX () [Pdeo

UNIVERSITY

The Small-Gain Theorem

1
/VZ ) E’
R { e,

Y8 2oo , flSe) < =
S Theorem

Assume S and S5 are BIBO stable. If

Y(S1)v(S2) <1

€2 2 F
then the closed-loop map from (r1,72) to (e1, e2) is BIBO stable.

5 —OD

- jup
16y = sup “ l4 g
S:[ Y )) (N(f(u ‘ sup IC{[JW)) ¥ <J’
r G(s] welo =)
sup |G(jw)] < =
% w€(0,00)

UNIVERSITY




Small-Gain Theorem is conservative Nyquist criterion

; G(s) = e
i o+ PC'LRc>o = N(_]-/ka 0) + POLRe>C
= .
Srad) G TZT‘W »G(5) = ‘
a Tk -
su G(jw)||k| <1 — G(jw) 2 ) 1 L E— i ‘Tl( \ + Given a stable open loop system, the closed loop is
we Uio)‘ ()l G 1wt (l_u ) a7 T T E - | stable if the Nyquist plot of the open loop system does
4 not encircle the point (-1/k,0) in the clockwise direction.
[k < 5 ‘ =
S P R hg,;}_uﬂ b = b=k
B v ‘ B LUND
LUND o — O
UNIVERSITY O —_— . UNIVERSITY
Circle criterion Circle criterion — Example 1
Im| Im T P R ) sK ==X 4r - hiy)
— R : /\/ j=-y+2 = s¥=-Y +2X 2 H)Y=2%
2N ) 1 ] . —_— E e
ko /

| Lk y , S i =v+ysin (se)x = €= ) 4
vail 1 Re Re , \/ — . Nyauist m.,mm(gj:j &
Glj) \/ /\
S Gw) o ] !
PUDTTRTE ‘«\wtsﬂ] é Lo, J.SJ 0s \

G(s) stable 1) Find the sector

Wﬁﬂtﬂs;n 3)3314(0 4 0
A;%J 4% (ZSH’! &)
2) Apply Circle Criterion depeyiding on the sector = =

V itg ° 4/%“ 45

Imaginary Axs

— 0 <k < ko: The Nyquist curve of G(s) does not intersect or encircle
the circle defined by the points —1/k; and —1/k;

Lo Iéa]— 0= ki < ky: The Nyquist curve of G(s) stays to the right of the line _

Re s = —1/ky

= ky <0< ky: The N!quist curve of G(s) stays inside the circle L

T i UND 1 < < r 2 ‘
hoje Lo, g —_— - 4 ﬁ,_g : i “(53 :g .5 e
Circle criterion — Example 2 Circle criterion — Example 3
i=—a+r—f(yt) B = &= —x+7r—sat(y)
{y:ﬂﬁh fly,t) = (3 - 462y {gfiyﬁz
1) Find the sector o L= g""i 7 1) Find the sector SEAL\N{O/ ﬁj} §
15) = 0 I L
£ 32 og »
S TP
2) Apply Circle Criterion dependin I | 2) Apply Circle Criterieh depending on the sector e
( —

Loy 2 [ 2(1-w?) : 4
G(jw) = 1 T2 T (T W) TR A wz}“;l4u2

0
Real Axis
UNIVERSITY

UNIVERSITY
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(Strictly) Positive Real Transfer Functions

losed op e
b, g (4]
A proper rational transfer function reateix G(s) is positive real if:

pasitve
« The poles of G(s) are in Re < 0 rest
* Re[G(jw)] = 0,Yw € [0,00) — Nyquist plot of of G(jw) lies in the closed
right-half complex plane. -
shridly
G(s) is called strictly positive real if G(s — ¢) is positive real for some e > 0 posiive (et

It is easier to check directly the following conditions:

 The poles of G(s) are in Re < 0.

* Re[G(jw)] > 0,Yw € [0,00) and G(o0) > 0 O lim, ,cew?Re[G(jw)] > 0

— Nyquist plot of G(jw) lies in the closed right-half complex plane and
does not touch the Imaginery axis.

UNIVERSITY

Matching Quiz

Nyquist Diagram Nyquist Diagram Nyquist Diagram

= s

i i \ § ‘

A |

£ £ .
i @ .

20\ 05 0 05 1 15 1 05 o 05 1 15 2 1 05 o 05 1 15 2

Rat s % et s v

a. G(s) = s+1 ‘\i/? L;ntjvaﬂf +J_\

b. G(s) = e

1
[+ (548
s2+42s+1

C. G(s) = SA2st2
_— G4y*

Non pos @Y Z
S (rcu FranfenpiNe

funchon

Outline

« Circle criterion and positive real functions (passivity)
« Control design based on linearization

* Lyapunov-based control design

UNIVERSITY

Quiz

{ P .
M G(S) = % =2 a[‘j )= p = ;ﬁRﬁ(Q(M,
. 1 {-3W

° =1 = W)= - - L o

Ge)=77 = Gl u) Jwrl prust = Ke E&gw\] = EL> o)
* G(s) = Wlsﬂ : (

‘ ' = of (144
GGty - —— = Lt

P 42wtL B ()4 9w G = u/’/; 5 0

e

_ (h&}‘ 92w for Rt < v,

~ e () <p L
TR fuf > 1 Jw esitive e LUNR

Kalman Yakubovich Popov Lemma

)

G(s)=C(sI - A)'B+D

=[B AB.--A"'B
* (A, B): controllable

c
* (4,0): observable AC
Ao
Tp —_0O-_
G(s) strictly positive real FP=PT>0,Q=QT >0,¢>0st { pA+ Apg _ C? <P
PA+ATP =—
G(s) positive real IP=P">0,Q=Q">0st. { PB — CiQ"




Passivity Theorem(s)

_Passive Linear System

(Strictly) - Feedback interconnection of passive systems is passive
positive + Apassive system is BIBO
real « If the input r=0, the origin of minimum realization of G(s) is gas
O o0} L
@nd s strictly positive real

=

T NI

i 9

U

€ sector[0, oo] (first and third quadrant)

The feedback system is BIBO

v
Power inflow // :
i 2 . i )7 ©
gk / // i PK) = V) i) FJX stws {
- v
p="Fu // L ] E(t) = £0) 4 f,;m ‘ cuergy
6 tf pct) o UNIVERSITY

SAIshE nekud i

S
energy abserbedl by solivers snergy

Circle criterion — Strictly positive real functions

Find the maximum value of K that ensures
asymptotic stability of the origin using the
circle criterion. '

Nyquist Disgram

iy = —ay — sign(z1)min(K|z|, 1)
Ty = —xo + 211

!
" i
1) Isolate the linear part of the system (A). Check the argument (input) of § i ==
the nonlinear function (c). Check how the nonlinearity is involved in the § V,m.;,";,.,,ms
system(b). Find G(s) using A, b, c. o |
. A= -t © F N |
&= Az +bu “la g ‘L’:‘{ib} c=[t 01 |
y=cx | oehe LKL
. - N . . “oas 4 ‘
2) Nonlinearity: Find the sector as a function of the gain K f :
cignoes) min CEix), 4 k] <L fex) = KX e e i Aco Hdhey e
wookml>1 o) = spoa) ke G/ 0 fope kT Jusdrotic  Poljuouiad (3
3) Check if the Z(s) is strictly positive real posdive v Tom 7=t
2(1-w? Chece +he  discrimingual$ of

SN 2 _ ( ) . ) .
G(jw) = T—w42jw — (-w?)?+de? ~ J 0=a?)244a? e puddvaste @pu akioy XZ42((k)

s . o(1-w? ' r2(1- K)o? 12k 41] K <4 f
Rell 4 KG() = 1+ Kyl il = ke

A= 201-) 4 (2k+L) (4)

Example (Linearization)

An inverted pendulum controlled by a motor torque « at the joint:

. ) 1
80 = T sin(0(0) + —u.

where u(t) is acceleration, can be written as < fy
- [£];
T = Xy {>
g L
Tsin@) - —su =0 k. g Lsin(s |

Linearize the system and find a control input that can stabilize the system
at angle 67 Is the linear system controllable for all §?

A’(ﬂ@ 8 2! 0 -G
foy 0 || 15 0]
et D

5:[([)J ¥ i
vy = mglsinS - k¢ -k, (-5)

-y =

w=

Passivity theorem — Circle criterion

« h e [0,00] and Z(s) = G(s) is strictly positive real

+ h € [ki,00] and Z(s) = 725 is strictly positive real
k4

RS
 h € [k, ko] and| Z LiksGls) s strictly positive real

1+k1G(s)

The system is BIBO and if » = 0 the origin GAS

Linear control design based on linearization

Ay

Tm Tm
. \
k2 | [ ] il
k1 ko
| Re Re
G(jw)
Gjw)

UNIVERSITY

@@ o
% x| 0= 9w
i=fo@ % = Ad + Bi 3_1(1 ) [%& %’;ﬁ] m—
T o o [
A7 5) et |
(43 Controllability condition: rank(R) = n e
| R= Ea
15 gk Lj
Gutnlloo L R=[B AB-..A"'B X~ Ax+By
l U =-EK
Qs = (ROA

1

= (A- BK)i

i = f(z,u* — K(x — %))

=1

Example (Linearization)

An inverted pendulum with vertically moving pivot point

3t) = 7 0+ u(t) sin(9(1),

where u(t) is acceleration, can be written as
T = =z

’ 1 ;
2 o= 7 (9 + u)sin(z1)

Try this home — See lecture notes 2.

UNIVERSITY



Lyapunov-based design

Steps of Lyapunov-based design:

1. Select a positive definite V 1,/
2. Calculate V( ) =/3¢ f(z u).

3. Find a (possnbly) nonlinear feedback control law that makes V negative.

*:ﬁCx(u]

+ V <0 — = 0 may be asymptotically stable (check LaSalle)

+ V <0forallz # 0 — x = 0 asymptotically stable
+ V < —A\V — z = 0 exponentially stable if addtionally V > ¢|z|*

Comments:

+ Selection of V(z)

UNIVERSITY

+» Depends on the system dynamics & = f(z,u)

Example 2 (Lyapunov-based design)

Consider the nonlinear system
&) = —3x1 + lezg +u
To = —Ig — Za,

Find a nonlinear feedback control law which makes the origin globally ex-
ponentially stable.

UNIVERSITY

UNIVERSITY

FRNTO5 Nonlinear Control Systems and Servo Systems
Lecture 9: Control design for
nonlinear systems

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR
AUTOMATIC CONTROL, FACULTY OF ENGINEERING. yian:

Example 1 (Lyapunov-based design)

o} A
2B X = Xﬁ %
- A
. 3 R S R XlL}
iy = —xy — Ta, % 207 -,
SRR A A N AVEEDIN
Find a nonlinear feedback control law which makes the origin globally asymp- .

totically stable.

Consider the nonlinear system

”
& = =3z 4+ 212k +u .
i
V.

Ve Lot
B 3w 4 4 2,
7= [x BX Ao du | g2 JrQX[ X JrXLU\‘XZ~XZ
{ M] 2 .
Xy TR — =

-3y +2/<{xz *;x/& A

al
U="L 2%,
U<d £oC A X£ 0 LunD

Example 3 (Lyapunov-based design)

Consider the system
I = x%
To=u

Find a globally asymptotically stabilizing control law v = u(z).

UNIVERSITY

Outline

« Lyapunov-based control design

» Exact feedback linearization




Lyapunov-based design

QZ/L
Steps of Lyapunov-based design: £ad mou

1. Select a positive definite V(z).
2. Calculate V/(x) = 92 f(a(3-

3. Find a (possibly) nonlinear feedback control law that makes V negative.

+ V <0 — = 0 may be asymptotically stable (check LaSalle)
+ V <0forallz # 0 — x = 0 asymptotically stable

+ V < —A\V — z = 0 exponentially stable if addtionally V > ¢|z||*

Comments:

+ Selection of V(z)

+ Depends on the system dynamics & = f(z,u) e

Energy shaping (nonlinear spring)

7<\"\/‘ /+ z(zjgkz,

= Z(x) € \;o‘u’a]
wmi=—z(x)+u ool = LY

- >
Frlctlon-less system:

Total energy : E= %1‘2 +/ 2(0)0 —mpe iRl @eryy
o
Energy derivative along trajectories: E=iu @f)
—tt
Control the energy to some desired level E;
New Lyapunov function: V= %( E - E,)? V = E(E - Ey)
u= - E-E4] Spe dor Bk =3 (5 Eu) 4
\s/ - - % ();‘Ei)
w=-x (Z-L.
’ N 4 a
V- X CExE&)

Exact feedback linearization

« Find state feedback u = u(z,v) so that the nonlinear affine in the control

system
&= f(@) +gla)u

turns into the linear system

and then apply linear control design method.

< Not all system can be exactly linearized. There are systems that their
state needs to transformed to become linearizable:

~ firstfind z = 7(a)]such that 2 = F(2) + G(z)u

— thenfind uthat 2 = Az + Bv
— Design v as linear feedback controller with feedback of .

UNIVERSITY

Example 3 (Lyapunov-based design)

For Cée)
Consider the system xf
_ Aoy e &
V= m—m] r 2 O F) &y = a3 X = QCK M [ j Xzf —kxgy
Ty =u —_—

Find a globally asymptotically stabilizing control law u = u(z).  »* = «
Choose noF XE v V

1. \/‘lxt?’ fo [ gi, L4
s Qv Vigx“t 2%
9. VN&X/ZXZ.LZZZL - =,
V= x
we s ey | eyt ey R e 4
. . 3 3 s
Ve AzeL ~szz XX+ x| o VR
{ xz ( 7 M
= P % - (&)
2 b U= =X = kxo
= - E 2 % Z‘L

! E ~o, alm=oll o (xwf/ )@_:oj . H;{XLH{,*L:“}

UND
ﬁﬂmbﬂar\u\m 65 [x] ck) M ¢ (01533 LuND

Energy shaping (swing-up control)

Rough outline of method to get the pendulurﬁ to the upright position

« Find expression for total energy E of the pendulum (potential energy +
kinetic energy)

+ Let E,, be energy in upright position.

« Look at deviation V = L(E — E,)? > 0

« Find "swing strategy” of control torque u such that V < 0

Exact feedback linearization

« Find state feedback u = u(z,v) so that the nonlinear affine in the control
system

&= f(z) + g(z)u
turns into the linear system

i = Ax + Bv

and then apply linear control design method.

Az can be:

— The linear part of the nonlinear system, e.g. f(z) = Az + f(z) |

- 'g?e linearized nonlinear system, e.g f(z) = Az + f(z) where f(z)—
amw.

— A desired linear dynamics specification.

UNIVERSITY



Exact feedback linearization

» Relative degree 1: For g(z) square and invertible
u=g~'(z)[-f(x) +]
AR ANt/

+g(z)u -

e weP

First order integrator

« Relative degree n

€0 = f(6,6, - £0D) 4 g((6,6, €0y
=led _f(n—l)r

n-th order integrator
£ =y

Sl RS e R | R S L S P el
%= % 9{)?: [O ﬂx#k[o +£° L
ii: - hOCy.) - Z(XLj + U S Nl,lb(d —20x) { (@ jmwensr

Exact feedback linearization and control-
design based on linearization

An inverted pendulum controlled by a motor torque u at the joint:

l ) = Jsin(o(1) + g,
Ay "ot
) in = fone) ¢ g

Control structure for exact feedback linearization: Closed loop system:

u=mi? % sin(z1) 4] > X% Liveuy
AV
i inearization: = ml*[=%sin/d #v] 5
Control design based on linearization: > (- ] siee we e VoL
0o 1 0 1 \f;@MJD . st
of _ 3_1570:[ } b e S
oz Zeosg 0 » 500 Feosd 0 ] e e V\ ~ LuND
Syse. 4 (i) ~sin b
Should I cancel or not?
— Wen [ S(?q\,.i
* Good nonlinearities — passive i = () +u
h(y) TNoudi pean, o Wpin
—= r a1 Passive:energy absorbed by the
LHOLOO_3 @h(i) >0 damper is positive
—
. dpP Passive: energy stored in the
Y iz(z) = a spring is positive
P= / z(0)o
0
1. v
Total energy as Lyapunov function: | V = 512 + / Z(o‘df
0 =— ) op(@) € (0 oo)
u pp (i) YD )
Energy derivative along trajectories: V = —ih(i) + du V= —ih(&) - dop(d)
_— aA==kx

X
132 fz s j () d ;
\/“”ZX - > () - 5zpv§‘le1atﬁlchoose:u:—<pp(z) ig U=— k)( Lange
p (x) € [p,&)

u= N )y Z()ﬂ) v

u=g () [~ f(x) + ] % {\2]
-LEDIIK

Exact feedback linearization

An inverted pendulum controlled by a motor torque u at the joint:

) 3(t) = T sino(t) +

Control structure for exact feedback linearization:

u=mi?[¢sin(z1) — v

% ;XZ
2= 4500 = [f5hen) ] =¥
Then v 15 gosen sy - - kl(/ﬂ} l{lq; LUND

Multi—joint robot control with exact feedback
linearization

Dynamic model of the robotic arm:

‘ +c(6,6)6 ;r GO)=u, 6OcR"

Call actuated if n indep. actuators,
Mo n x n inertia matrix, M = M7 >0
0)0. n x 1 vector of c% d Coriolis forces
(G(G)

n x 1 vector of gravitation terms

Design a controller so that § —s 0,.. vszf‘()(([-x‘r) \k*/)f § ¥
(Tose i bppoacn, =+4,(8 B~ B
: bo=l[*, | ¥
B +C(®8) ) =
Hte) e J8 +0l) =uY % :M[x;{%(fx,/xz)xz + Ge) %
%2 MOsy W)

2;\: A7
5= Moy (FCOum) xe —Glx) wu ) U Luxp
Should I cancel or not?
Total energy as Lyapunov function: V= %502 + / ’ z(0)o
0 u=—¢p(@)  ep(#)€(0 o)

Energy derivative along trajectories: V = —ih(i) + du V = —ih(i) — &pp(i)
LaSalle: V p.d., V < 0 = M = {z = 0,4 = 0} is maximum invariant set.

What if | choose: u = —pp(z)

UNIVERSITY



Robot manipulator — Example revisited with
Lyapunov-based design

Dynamic model of the robotic arm:
M(0)§+C(0,6)0 +G(0) =u, 6eR"
Called fully actuated if n indep. actuators,
M(0)  nxninertia matrix, M = M" >0
C(6,0)0 n x 1 vector of centrifugal and Coriolis forces
G(0) n x 1 vector of gravitation terms

Design a controller so that ¢ — 6,.

Inverse dynamics approach.

Another notable property:

5(0,0) := M (0) — 2C(8,0) = —ST (9, 0)

UNIVERSITY

Simplified Adaptive control

Setd(t) =0
What principle of design is used?

& =022 +u
u =—-0(t)2? +v
Design:
+ an update law for 6, = ....
« a control signal v(z)
such thatz — 0
Introduce the new state 6=0-0.
Find & = f(z,0,v)

V= L(a? 4 4?
Let us try the Lyapunov function {V 2@ +16%)

What do we prove if V < 0?7

UNIVERSITY

Simplified Adaptive control

Setd(t) =0
W/]at principle of design is used?
- A=0x°+4u S sudt thok = O

& =02 +u

{“ = ‘”v) s %= Bxtev
Design: :

+ (an update law for §/4 = ....
f a control signal v(z) ]: -Kx

such that z — 0

PO O *
Introduce the new stat B &
Find & = f(2,0,v) - =

Let us try the Lyapunov function {_15 v

=D wheve @ i¢
& cometaiyk-

u:—8114\/

ve-kx ; k>

=k =

t’_;e o GXPOMMIM(j

<

What do we prove if V < 0? W= %

Adaptive noise cancellation

u

. b . . ~ ~
f+ ff o Design adaptation law so that 7 .=z — 7 — 0
T+ar =bu

Adaptation laws or update laws: @ = ..., b=

Introduce ¥ =2 — %, @a=a—a, b=>b—b.
What are the dynamics of the error?

V= L@ + 4.8 + b
Let us try the Lyapunov function {V - 3(F 490" + %)

What do we prove if V < 0?

- LUND
Are @ and b proved to converge? UNIVERSITY
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Outline

« Static optimization
* Problem formulation
» Maximum principle

« Examples




Optimal Control

Idea: Formulate the design problem as optimization problem
+ Gives systematic design procedure
+ Can use on nonlinear models
+ Can capture limitations etc as constraints
— Hard to find suitable criterium?!

— Can be hard to find the optimal controller

UNIVERSITY

Static optimization

4
ming, ,, (23 +23)

s.t. Tire—1=0 1 vt

-
_ o T T
A= Z R (x%,-1)
U 2R =-Ax1
?/ 7 (L= — DXL
9g1(@1.33) | 3 Oga(w1.20) e 221+ )lz\z.: 0
om2 22 205+ Aoy = 0

391‘(9?],12) +>\<’nggzm]].zz) =
(1 — @2) (21 +22) =0 {(Lj

go(z1,22) =0 1wy —1=0
(L) @ sslubfone = 2
Xl= = >

UNIVERSITY

Sketchy proof (Hamiltonian)

Trajectory cost Final cost

o f—— —_—— Optimal Control Problem
M|n|m|ze/ L), a(t) di + 3a(t))
to

ty
where min J = min {d)(x(tf)) +/ L(z,u)dt}
z(t) € R", wu(t)eUC R™ “ u to
2(t) = f(x(t),u(t)), z(to) = zo subject to @ = f(z,u), x(ty) =z
to <t <ty, given fixed end-time ¢

Functions of time the constraint is
satisfied over the assumed period of
time

Ittt + [

H(z,u,\) = L(z,u) + AT f(z,u

=) X % tvm
=> — = +2T X5
EXL = %170

Then

where \(t) solves the adjoint equation

Recap static optimization

Optimization under constraints:

ming ,  g1(z, u)

X )m:\
st go(z,u) =0

Gigu)=c
Necessary conditions for optimality:

+ Vg, points in the same direction as Vg, - X\\@
A M
¢ golz,u) =0 A L%Lﬁ;&e -4 mm&vm&\r\\\\

a1 (x.u) gz ()
Lagrangian:  L(z,u,\) = g1 (@, u) + )\Tw % dnfan) | \damls
— Cost U coushelivo .
ac | g g1 (x,u) + )\dgg(z,u)
¢ 0L 0,00 0, % g lagomge ou | = 90 TA 90
= * Ju ’ X
2L 2L BP0 o g2(,u) =0
’ oz? > 0 3 0 R UNIVERSITY.

Maximum principle — no final time constraint

Trajectory cost Final cost
. e
Minimize t+ ¢(a(ty)
Optimization 0
Problem (OP1) Where ~—
«(t) € R, eUCR" = '
b(t) = f(z(t),ut)),  x(0) =z
<t <ty given fixed end-time ¢

Lavng <
o YIRS
Theorem 18.2 of Glad/Ljung Assume that the (OP1) has a solution {u*(t), z*(t)}.

p H (@, u,\) = Lz, u) + AT (t)f (=, u)

min H (2" (t),u, A(1) = H 0,0 1), AO), TS

OH (0H 0H
(5 )
B HTEOOAD), with M) = 616 1)

UNIVERSITY

Sketchy proof (Calculus of variation)

Variation of .J:

- t
6J = Ka—‘bfﬂ) Jz] +// Ka—HMT) 5z+6—H6u] dt
oz =, Jio Oz ou

Necessary conditions for local minimum (6. = 0)

0) 0H
At T]: = a0 =0
( f) t, \Qy\/_;

* )\ specified at t = tr and z att =t e
« Two Point Boundary Value Problem (TPBV)

« For sufficiency 22 > 0

u?




Summary of the approach

Taw) oot + [ a0y

&= f(z,u), z(to) = znr

Performance, cost function

System dynamics
No final-time constraint but final time is a free variable

Hamiltonian H(z,u,\) = L(z,u) + AT f (2, u)

)
T O
@ |>éd2 Tk

. DX A,
)\:HIT(Z,U,)\), Alty) :¢f x(ty)] ’

State equation @ = f(z,u), w(to) =0
Co-state, adjoint equation

Hamiltonian minimization with respectto y — min, ey H (u) (3)

We can often first eliminate the control input u(t) by (3)

UNIVERSITY

Example 1 | "

min —21(T) |

w:0.t) » U

3 (%m) == (T)
+u1ﬁ

19
» Speed of water v(z3) in z; direction with

» Move (sail) maximum distance in z;-direction in fixed time 7

* Rudder angle control: u € U := {(uy,u2) : u?+u} =1}
N

v when B2 . O] Z -l

Example 1 i

& b= lal cosO

Solution of the co-state A\ (t) = =1, Aa(t)
Optimality: Control signal should solve

min Ay (v(z2) 4+ ur) + Aoug

u?4u3d=1
e iy (A 2] D‘iﬂ .
Minimize Aju; + Aous S0 that (uq,us) has length 1 Zuet=c e m e Y
ek when | W
K PR "1 O B — (R =S
t VAZ(t) + A3 (LR VAL() + A3(t) oposste
o\ T — =/
u(t) = I us(t) = o=t divedion,
By e T (t-1)°
See fig 18.1 for plots r

Remark: It can be shown that this optimal control problem has a minimum. Hence it must be
the one we found, since this was the only solution to MP

UNIVERSITY

) L0y w) + (2)

Remarks

« The Maximum Principle gives necessary conditions

« A pair (u*(-),z*(+)) is called extremal the conditions of the Maximum
Principle are satisfied.

« Many extremals can exist.

« The maximum principle gives all possible candidates.
« However, there might not exist a minimum!

Example

Minimize x(1) when @(t) = u(t), 2(0) = 0 and u(t) is free

Why doesn't there exist a minimum?

UNIVERSITY

Example 1

Hamiltonian:

H=0+ X = [t Agﬁﬁ@/

Adjoint equation:
.
M [-0H/0x
\o| ~ |-0H/0z
with boundary conditions

Dute) - ez - [

Pbapry

~u1) + Aoug

15 el o Funchon of K.

Pl Y
3'(523)*1 “l-n Ao D M=—Lst
+ AN = Qg |
Naya-L Tt

Tk -
xlCﬁrj:D
N =l > Yo =t+lu I

-
NIV

UNIVERSITY
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Example 2 Maximum principle

Trajectory cost Final cost
1 Hamiltonian: T f = —
mm/ P e LaxT e+ Aot ) Minimize /0 T () dt + 3y alty)
0
i=-z+u, 2(0)=0 Adjoint equation: Optimization here
© om Frrod value problem Problem (OP2) () ¢ R, w(t)eUCR™, 0<t<t;
A=—Gp = = 0L HE) = fal)u®), a(0) =0
) 06 Wty a(ty)) =0
Trajectory cost Final cost M) = 22 =1 _l=c€ A(t) = et~! £ £
e T w) TN (ts) Oz A=l -1 - t)=e Assume that OP2 has a solution. Then there is a vector function A(t), a number
min (2(t),u(t)) dt + o(z(ts)) = ¢=e . .
o 5 no > 0 and a vector p € R” such that [ny x”] # 0 and = -
where Optimality: H, = .4 = 4w + % H(z,u,\) = noL(w,u) + N (t) f(z,u)
x(t) € R" r o W min H (2" (£), u, A1), no) = H (2™ (8),w” (1), (), mo), 0t <ty,
m ©W=0 => w =L . T (e
ut) EUC R 1 where \(t) solves the adjoint equation A®) xT( (&), u(t), A(';) 10)
@(t) = f(x(t),u(t) Altr) = mnody (tr, 2 (ty)) + Uz (tr 2" (t5))n
z(0)=0 If the end time ¢ is given, then H (x*(ts),u*(tf), A(ts),no) = 0. :
LuN If the end time ¢ is free: LuND
' H(x* (), u (t7), Altp),m0) = —node(ts, *(tr) — uT et g, a* (t4))- '
Optimal control (Linear Control Systems with
Remarks : :
quadratic running cost)
; 1 1[4
« Can scale ng, sz, \(t) by the same constant At) = —HI(a*(t),u*(t),\(t),no) Performance, cost function J(u) = §zT(tf)P(tf)z(tf) + §A 27 Qx4+ uT Rudt
Alty) = mnody (tr, 2" (ty)) + v (b, 2™ (ty) )1 System dynamics o B
H(z,u, ) = noL(w, u) + AT (t) f (z, 1) (dynamic constraint) &= [f(w,u), w(to) = 2
Hamiltonian H ) = 1(@TQx +uTRu) + \T(Az + B
- Can reduce to two cases H(z,u,\) = noL(z,u) + N (t) f(z,u) (@) = 3@ Qz+u" Ru) (Az+ Bu)
— ng = 1 (normal) If ng > 0, renormalize to no = 1. Only existence of positive ny matters. o ) = PMa(t)
iltonian minimization wi oH() _  _p-lpTy~
— 1y = 0 (abnormal, since I, and ¢ don't matter) Hamiltonian minimization with respect to u S = wW'R+M'B—u=—-R1BTX

State equation [CC] _ [A —BR’lBT} [z z(to) =
Aol AT I i = Piegaty)

Co-state, adjoint equation

P(t) = P(t)A+ AT P(t) + P(t)BR' BT (1) P(t) —
- Fixed time ¢; and no end constraints = normal case (t) = P()A+ ATP(t) + P(t) (P -Q

.I.‘hl.“iR P(ty) known by the cost function .I.‘}.JIR'R
Example — optimal heating (minimum fuel : :
T Example — optimal heating
p tr=1 H=o(t)P - AT . 0, o(t)>0
win [ P(tydt Hamiltonian min / P(t) dt ot)=no+pet PO :{ Poax, 0(t) <0
A H=ngP + \(P—T) 0 et
Adjoint equation . 1n>0=o(t)>0forallt

Fop_ _ st. T=P—T, T(0)=0 .
st. T=P-T T(0)=0 $T_ g OH g A1) = 0<P<P = P=0=T=-T,T0)=0

0< P < Phrax - T="1 ~ - =4 = ‘maz pu=0=Xt) =0Vt = o(t)=ny >0Vt ST(1)=0#1

T(1) =1 T(1) =1

ini-
= M0 =pe Asarm b
— t—1 ]
T temperature = H=(no+pe")P=AT / w:i :axzré{;va b/-ZVVL 11 < 0 = o(t) strictly decreasing for all ¢
an ake 5
P heat effect o) wedl- dtfined =T =—(T = Puax), T(t1) =0
At optimality T temperature = T(t) = [1 = e 0"")] Puax
o [0, o(t)>0 P heat effect |
ro={%.. 020 .




Example — optimal heating

If £, = 0 (no switching)

Prax = 7==1
Prax =2 If 0 < t; <1 (switching from 010 Pyax)
t = 0.3069 T(1) = [1—e "] P =11
]
:; ty=1+4In(1 - PgL)
o Pmax > 1_—i—x

0 UNIVERSITY

o2 2 paoas 4 45 s
Outline

Jinear Qaadrdtic o ol

Time OpHmalk Control

Moded  Predickive Contro

UNIVERSITY

Optimal control (Linear Control Systems with
quadratic running cost)

1 [
Performance, cost function J(u) = —zT(tf)P(tf)z(tf) + —/ 27 Qx4+ uT Rudt
Free-final-state but in the perfromance functior 2 Jo
System dynamics .
(dynamic constraint) &= f(z,u), x(to) = 20
Hamiltonian H(z,u,\) = 3(27Qz +u” Ru) + AT (Az + Bu) = WA %
L + B
Hamiltonian minimization with respect to u 5;{;@) — 'R+ )\'B _}@
— [ — +Ha
State equation | [] _[A —BRBT}[r a(to) =
= T
A0 —am TIA aap=ruety

Co-state, adjoint equation
s

@(t) = (A(t) — BR™'BTP(1))z(t),
P(t) = P(t)A+ ATP(t) + P(t)BR"'BT (t)P(t) - Q
P(ts) known by the cost function

x(0) given

UNIVERSITY

UNIVERSITY

FRNTO5 Nonlinear Control Systems and Servo Systems
Lecture 12: From optimal control to
nonlinear control

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR
AUTOMATIC CONTROL, FACULTY OF ENGINEERING. i

Maximum principle — no final time constraint
Trajectory cost

. f ———
Minimize /0 T ald) di + 3t.(,)

Final cost

Optimization here
Problem (OP2) (t)eR", u(t)eUCR™ 0<t< t;
b(t) = f(a(),ut),  x(0) =0

W(ts,z(ts)) =0
Assume that OP2 has a solution. Then there is a vector function A(t), a number

> 0 and a vector y € R" such that T]#0and
= veetorp e fsu o 7] # H(z,u,\) = noL(z,w) + AT(t) f ()

meilrle(:c*(t),u,/\(t),n 0) = (t),u*(t),A(t),n0), 0<t<ty,
At) = —HI(a*(t),u*(t),\(t),no)
where A(t) solves the adjoint equation
® foint eq {A t) = no¢ (t1,° () + U7 (t7,2" ()
If the end tme_tusf&then H(x*(ty),u*(tg), Ats),no) = 0.
If the end time ¢ is given: LUN
H(a*(tg),u(t5), A(tr),m0) = —node(tr, @™ (t5)) — pTbu(tr, 2 (t5)).

Optimal control (Linear Control Systems with
quadratic running cost and fixed final state)

J(u) = %/0” ul Rudt

Ualty) =0 > alty) =7

Performance, cost function

Constraint on
System dynamics

(dynamic constraint) @ = f(z,u), z(to) = 0
Hamiltonian H(x,u,\) = $u” Ru+ AT (Az + Bu)
Hamiltonian minimization with respect to u 51;1(Lu) —uW'RAN'B s u=—R\B'\
ow oo o7 0 T
e State equation @] [A -BR™'BT x(tg) = zo
o N AT
x= X + Co-state, adjoint equation A Y A Alty) 22
\
Steps: 1. solve backwards the second differential equation ~ A(t) = eAT(t/“))\(t;)

2. substitute the solution in the system dynamics and solve the initial value problem

3. use the constraint to find ~ A(ty)

_constraint,

X{t) v

UNIVERSITY

vf??)




Example — moving to the origin in minimum
time

ty
min / dt
0

Hamiltonian: H = ng + Az + \ou

Adjoint equation:

6. d=u, «(0)=ux0, #(0)= %1:_ T _ *gTH: 0 M(tr) = m
IR LU B (4 R B 7 S Y B oo
a(t;) =0, @(tf) =0

A(t) =
- {Az(t) =t —ty) +p2

=2 At optimality: min, H(u) = (pu1(t —tg) + p2) u+no + A2
—u a(H)=a(t)
. -1, o(t)>0
u'(t) { 1, o)<0
Conditions: H(ty) =0 = pou*(ts) = —ng UNTRRSITY
Example — minimum time control
» H = (pa(t —tg) + p2)u +no + A2
min/0 dt pou*(ty) = —ng L o(t)>0
o(t) = (it — t7) + p2) wo={ " 7970
st @=u, x(0)=uwx, &(0)=1y 2202 ron otinacutly funchon

decrcasing b ineressing

=) )" e

. 4 wmost sne
i(ty) = - /,// -
P A
T=u= =2
Ty =1u T @
- Trajestori®S, o

5w,4dwj

A 55 hrouf
= dX - X2 o udx = K2 odXy o P s
Iz w
2
L= %2 4 ,e>0 (u=-t) '/2 i
= 2 X: ==X 5
2 x= % X=X UNIVERSITY
Xe = X' gpe , cco (wetl) 2 2
o

« Optimal control provides with trajectories that can be then used as references to a
controller

» We mainly address input constraints, but there might be state constraints e.g.
obstacles that need to be avoided

= A popular approach is Model Predictive Control

Example — minimum time control

ty
min / dt
0

H = (ua(t —tg) + po)u+ no + Aiza

pau’(tr) = —no .t ~1, o(t)>0
o(t) = (ua(t = ty) + ) COE1L e <o
NS
st &=u, x(0) =z, £(0) =1 Aa(t)
ue[-1,1] <0, p2 >0 11 <0, pip <0
z(ty) =0, @(ty)=0
L g
i=u= {Il “
iy

UNIVERSITY

Example — minimum time control s« # ~.u
tr H = (pa(t —tg) + p2)u +no + A2

min/ dt 2w (tg) = —no )

| -t vo={ b
st @=u, x(0)=uwx, &(0)=1y Aa() Con +b€L seen 25 feedback

ontro
—1,1
Z(Z[) ! 0’] - 2o ) == 59N [n @) +2—’ su0%5) X;ij

[21= —1a3+ 1

vg=0,29>0

. 1 =2
T=u=q.
o =u N
K=— 5% +Xo

(&) Intorsedion of {x; S g2
2

AL - T5) . -
ime > A u- 1 s L
Tim g ‘ (VA- U8) =-Ttas > +hg=(%
Time A =20 o ~UA) =1 bon 5 tok=FF | 3205

From Continuous to Discrete Time

&= Az + Bu

_ Lo Lo T
y=Ca J= 5% (tf)P(tf)Z(tf)+2/:n ' Qr+u’ Rudt

UNIVERSITY

Sampling time T
Ag=eT

By = (Aq— I)AﬁlB
Euler Approximation
Ag=1+TA
B;=TB
a(t+1) = Aga(t) + Bau(t)
y(t) = Ca(t)

The integral
l becomes sum

M-1

J = 2T (M)P(M)z(M) + Z 27(4)Qu(i) + u” (i) Rul(s)




Receding horizon control — basic idea

v predickisv lmivoy
N Covdvold Hevizoy
reference r
pastoufput -

% predicted output

control input
/|
[ M

1. At time instant ¢ predict the response of the system over a prediction
horizon M using inputs over a control horizon N.

2. Optimize a specified objective or cost function with respect to a control
sequence u(t+j), j=0,1,...,N—1.

3. Apply the first control u(t) and start over from 1 at next sample.

Optimization problem

t+M—1
J(t) =yt + M)P(t + M)y(t + M) | Z YT (0)Qy(i) + u” (i) Ru(i) dt
t+1

Minimize a cost function, V, of inputs and predicted outputs.
u(t+N—1)

V =V(U,Y), U, = : : Y, = :

u(t) y(t+1[t)

Gt + Mlt)

V often quadratic
V(U Y:) =Y, Q,Y, + Ul QuU:

= linear controller
u(t) = —Lz(t|t)

Receding horizon control

« Z(t|t) is predicted by a standard Kalman filter, using outputs up to time ¢,
and inputs up to time ¢ — 1.

+ Future predicted outputs are given by

u(t+M —1)
9+ M) [caM CB CAB CA*B ... :
S 5}5(”” 0 OB CAB } ult+N 1)
gt +1t) CA L ’ :
u(t)

Y, = D.2(t]t) + DuU:

UNIVERSITY

UNIVERSITY

Unroll the cost

Minimize a cost function, V, of inputs and predicted outputs.

u(t+ N —1) Yt + M|t)
V =V(U,Yy), U= s Y, =
ult) y(t+1t)
V often quadratic
V(U Y,) = Y[ Q)Y + U QuU: (1)

= linear controller
u(t) = —La(t|t)

Prediction

Discrete-time model

z(t+1) = Az(t) + Bu(t) + Byvi(t)

t=0,1,...
y(t) = Ca(t) + va(t) '
Predictor (v unknown)

B+ k+ 1) = AT(E+ k|t) + Bu(t + k)
Gt + k[t) = C(t + k1)

Receding horizon control

+ Flexible method

* Many types of models for prediction:

« state space, input-output, step response, nonlinear models
* MIMO
* Time delays

+ Can include constraints on input signal and states
+ Can include future reference and disturbance information
— On-line optimization needed

— Stability (and performance) analysis can be complicated

UNIVERSITY

UNIVERSITY




« Sliding set:
-+ o(z) =0 4 (X)) &) <o
do
—fr <0
dz ) . -~
6_af, » @and@omt towards o(z) = 0 7
ox -

Receding horizon control

Limitations on control signals, states and outputs,

[u(t)] < Cu  |2i(t)] < Cay |y(t)] < Cy.
leads to linear programming or quadratic optimization.

Efficient optimization software exists.

UNIVERSITY

UND
UNIVERSITY

FRNTO5 Nonlinear Control Systems and Servo Systems
Lecture 13: Control Systems with
discontinuities

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR
AUTOMATIC CONTROL, FACULTY OF ENGINEERING. yian:

Sliding set

-
o Eioq 6() >0

Once the trajectory hits the switching surface S, it cannot leave it because
the vector fields on both sides point towards the surface

If £+ and f~ point “in the same direction” on both sides of the set o(z) =
0, then the solution curves will just pass through and this region will not
belong to the sliding set.

If\f+(x) = f~())on o(x) then the sliding set is actually a set of equilib-
rium points

ntrol.lth.se

Design of MPC

* Model
+ M (look on settling time)
* N as long as computational time allows

* If N < M —1assumption on u(t+N),...,u(t+M —1) needed (e.g., = 0,
=u(t+N-1).)

* @y, Q. (trade-offs between control effort and performance)
* C,, C, constraints often given

+ Sampling time

UNIVERSITY

Outline

T .
« Sliding mode control

v ‘FV‘((X‘[DW

UNIVERSITY

Sliding set

« The gertral behavior for the solution is to slide on o(z) (sliding mode.)

« The sliding motion can be described by noting that there is a unique con-
vex combination of f*(z) and f~(x) that is tangent to o(x) at the point
T o(z) >0

+ Sliding dynamics: f @)

o(z) <0

oo

_ o _
= % @) + @ 2 [ @) - @)

« The fast switches will give rise to average dynamics that slide along the
set where o(z) = 0.




Example

o -1 1
17[1 71]z+|ﬂuféz+§y
u

= —sgno(z) = —sgnzy = —sgn(Cz)

which means that

Determine the sliding set and the sliding dynamics.

Example: Sliding dynamics

The sliding dynamics are the given by

t=aff+(1-a)f”
0 0

0= 52/ (@) +a@5 [F@) - @] «

On the sliding set {—1 < < 1, 25 = 0}, this gives

_{M’nb‘u?, d7 marme S

e SR e

wy — T+ 1
0=z1 —22+1- 2

2

Eliminating o gives { Hence, any initial condition the sliding set
Ty =
will give exponential convergence to z; = x5 = 0.

Sliding mode control

« Define an output y = o(z) such that the relative degree of the input-output
relationship is 1 and the origin for the the system o(z) = 0 is stable.

i =
Pendulum: {“ 2

ungte of pdudu[wm/v
iy = —0 cos(xy) + bu

T =0¢-7/2
Zy = O
o= [ convr -

1

o=+ ar é: —0 cos(x1) + axy + bu
TR

Example: Sliding set (3% Cfiff
— (\JDJX[
iy =|@= —x9 — sgn(zs) & (R)

1 — @2 — sgn(xs)

L0 =% o(z) 10[0 - z3=0
JdaY 1 |
RIS o <" momolsl
ox Jdo x> =L
—f >0 — 1>0 1
D6y prtl n—r41>0
QKL
2 We thus have the sliding set {—1 < 2y < 1, 25 = 0}
LUND

UNIVERSITY

Phase plane

finding u = ueq € [1,1] such that ¢(x) = 0.

The dynamics along the sliding set in o(z) = 0 can also be obtained by
ueq IS called the equivalent control.
LUND

UNIVERSITY

Sliding mode control

« Design a control input that makes the state starting in o(z) = 0 to stay
there for all t. (¢(x) = 0 invariant)

Pendulum: { 1 T *2
d9 = —0 cos(z1) + bu

0 =19+ ar; = ¢ = —0cos(z1) + axy + bu
(zo  4(x0)) =0 w= L [~o(7(2 + 0 cosixy) )
s()) = o b '

Um[.




Sliding mode control

« Use feedback linearization and design a control input that makes o(z) =

0.
Uz Uequiv + V
Iy = X9
Pendulum: |
{12:79cos(xl)+bu V= ;52
\};/ééé’ = ¢ L‘@Lnsmquw
Uequiv = % (*G'IZ A 0009(31)) ,_,_,—/_’Z_’_’_/_‘/j by J

Equivalent control

ot . -ne

0 =x +axy = ¢ = —0cos(x1) + axy + bu

UNIVERSITY

Sliding mode control

u:a@q +Y —
+ Choose K such that drives o(z) to zero in finite time. a 4
-7Ue7:~g7<2 41?(0&[&)

7,2;7 is designeol by using  Fame estimaete O

137 chans/‘nj le.
g’u,f«émw%{j ééﬂ/ﬁ(‘i
vobustness

W= —Ksign(o)

. 1, o>1
S0 =11y, o<1

[acXy (m
68| 2%
hw&nsﬁ Ca €

. [AN
6= ~Ocosxi + aXz 4 E(Meq +V/

é: -(B,Q) cos%) - bl s4n&)

veler o Vece = ~bKiel - cle-bleesony fri
< obklel ]9 1gg & Lunp
—~ = m-g).gig for K72
Example

+ Contwinuous control w= tanh (Xet2x )

erroy o ﬁgawj 5

T2

22 o o0z o4 06 o8 1 5 ;
N t

CoV\'Hw oS [ Jx

£ eedbdch
U =—k0

Sliding mode control

« Design a discontinuous control input v as part of the control u = tequiy +v
that drives o () to zero in finite time.
—=

1 >1
v = —Ksign(o) sign(o) = { ’1 7 1
1, 0

The solut!® ‘74&1
% nul exten
lewi= ke~ kbt v +hi 5

« Examine how |o(t)| changes over time

of 15 contInuoLs .
Leed brcle 5}% [6&)8:%’ {? s osignm) & = - Kb for £ 2R 4 ) me Thstenf
\/:AKs?nlﬁl -
—~lebt
16--kbe = cwy-ce 6¢s)

Cxponentl ay  CoPvEVGEN e

Example
o5 - Chattering = wear on
= mechanical devices
Bobustacss Ly unceririndy
Lome s w7h e
0 01 02 03 04 : b ' 2 \ 5 N . wp[gn‘sc 0,{- hrjl’b‘
f?%memg input STgnd
I = i 1S
)T =22 o Fhe e
Pendulum: 1¢&  Smoothe
{:EQ = —0.3cos(z1) —u e, steady stote
ad evrors See”
\ Cven hughes uncerfaindy » T
Sliding mode controller: {u = sign(wz + 221) Lns equivelen L
controller zolded ) LUND

Friction

I !

F F

TEEE

| V2 /)ﬁ"{%//
//‘g‘%'/ LT LT K




Lubrication regimes

Steaty stat riction: ot 1

by o,
T

Friction ZITA I @

.
c £
c ) £
= H
o @©
2 = S 100
o @ = o
o| = © ° P
£ = 3 - Sy,
% S \L o B T oo oo
F=M e} kel =2 ity: friction i
] c ) = For low velocity: friction increases
3 X = with decreasing velocity
| [} = (s Velocity Stribeck (1902)
V=D
P LuND
—~~ UNIVERSITY
=

Classical friction models s+ ro) - R

a) - b) F F.(t) = external applied force , F., F,, Fs constants
—_— /
F(t) = F, sign v(t) (a2
v v
| F(t) = Fyo(t) + F, sign v(t) )
0 d Voo Coilowd
L1 F v
fe \__— Py < | Fesimm o) + Fuult) () #0
)= max(min(F,( ,- v({t)=0
v v (@) egufvalent N
= Y LT e
s Fot (Fy~ F)e ) sign u(t) + Fun(t) o(t) #0
( F(t)={[F.(t) o(t) =0and [F.(t)] < Fs ) Lunp
dl\ sign(Fe)F o(t) =0 and |F.(t) > F, | "vew

Friction models with extended state

Dahl’'s model

LuGre model

it)=v— ﬁz
() PORL
90) = (Fo+ (- F)e15F)

F(t) = ag2(t +of+th

2

. D
dmpl VIS s
H’{%ﬁvm Y L, Sontact between bristles
is-Les :

UNIVERSITY

Hysteresis and friction

» Dynamics are important also outside sticking regime_
» Hess and Soom (1990)
+ Experiment with unidirectional motion v(t) = v + asin(wt)

« Hysteresis effect!

Friction

N\
N

Velocity

UNIVERSITY

Advanced Friction Models

» Karnopp model

» Armstrong's seven parameter model
+ Dahl model

« Bristle model

* Reset integrator model

« Bliman and Sorine

* LuGre model (Lund-Grenoble)

See PhD-thesis by Henrik Olsson
https://lucris.lub.lu.se/ws/portalfiles/portal/4768278/8840259.pdf

UNIVERSITY

Friction and control

« Friction compensation
— Lubrication
— Dither
— Integral action
— Non-model based control
— Model-based friction compensation
— Adaptive friction compensation

High-frequency mechanical
vibration: used to avoid sticking

Integral term compensate for
slowly varying disturbances

UNIVERSITY



Friction and control

« Friction compensation « To be useful for control the model should
— Lubrication be:
— Dither — sufficiently accurate,
— Integral action — suitable for simulation,
— Non-model based control - simple, few parameters to determine.
— Model-based friction compensation — physical interpretations, insight
— Adaptive friction compensation

+ Simple models should be preffed.

« If no stiction occurs the v=0-models are
not needed.

UNIVERSITY

Velocity Control — Results

P-controller Pl-controller

o5 Uref [E

o) s

P-controller with Coulomb

o5

-os)

UNIVERSITY

Sliding mode control

« Choose K such that u = v drives o(z) to zero in finite time.

u = —Ksign(o)
1, >1
sign(o) = { 7

-1, o<1

UNIVERSITY

Adaptive friction compepsation

Friction = asgn(v) m\iﬁf@ = %Re:l:lfe{d&(; "G 0ast — oo
~Aedel A R .
—_ o Fuf“' A S =5gly) v
= UPID ~Wv = ?
upp *—& | 1 v 1 5

de ~di _dz_, %
1 vl 1 |z a " at A
i ms s = kupipsgn(v) + kmosgn(v)

= ksgn(v)(upip — md)

Friction

Friction A
PS estimator = —ksgn(v)(F — F) ==Ksgn(v) |a-sqnev
Fhriction — —klo—2 ne) ( ALJ
=—k(a—a) B ﬁlﬂ’ﬂ
Assumption: v measurab/legy update a
(= kuppsgn(v).( >
Friction estimator'] a=z—km|v| =
ﬁfriction as 11(2) er) — o LUND
Quantization

Linear Model of Quantization@

y . ¢

I Y u Y
2 _> 4®_>
Quantizer D

« e: Noise independent of u with rectangular
distribution over the quantization size with
rectangular distribution with variance

+00 D2y D?
Var(e :/ (’Zf‘dc:/ 2 de =
© e —pp D 12

It works if quantization level is small
compared to the variations in u

Digital signals have specific number of bits
(accuracy and range of signals) (e.g. 8 bits, 64 bits)
Quantization in A/D and D/A converters
Quantization of parameters

Roundoff, overflow, underflow in operations

For prediction of limit cycles

-

+ Use describing function analysis LUNb

UNIVERSITY

Sliding mode control

« Choose K such that u = v drives o(z) to zero in finite time.

u = —Ksign(o)
1, >1
sign(o) = { 7

-1, o<1

UNIVERSITY



Quantization: Describing function

v
D u Y
e N

* Recall the deadzone nonlinearity

+00 D/2 1 D'Z
Var(e) = 2 £, d :/ 2 de =
ar(e) 1 e fode 7”/20 pde=15

o
UNIVERSITY

Outline

* Examples

ND
UNIVERSITY

Existence of limit cycles — Describing
Function Analysis
Consider a form of the van der Pol equation:

i+eB32® - 1)i+az=0

5 2 2 .
D X —Ex+xz £ Sx'x

=R - gvpx = AE S)
Express the system as a transfer function G(s) in & forward loop with a non-
linear feedback though a static nonlinearity 2(z). Find explicitely G(s) and h(z).

The TF  has Jwe poles
with  positive el
par+ |

# OL yyshable — A

7

UNIVERSITY

UNIVERSITY
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Equilibrium points and Limit Cycles

Z/1<F(7(

« Find equilibrium points (%% ) = &
- Given a trajectory show that itis a limitcycle Let 2¥7¢) a periodic dre jetory
inol VL i Jiti
« Classify equilibrium points ' E_Pe dent ob i condliin
x4 - Lin#
- Stability of limit cycle = { e )

2¢

j£ = [Qy jx:x‘*&}

Check Hdhke e/(‘jemuz\jugj
Shd clas:/%j o ceovelivg

dne  clasgifriotroly of

Wow IL & wamdﬁow st dime fymL’bw’uw i

Shbily  Gn be  cheded By Cxlmining Liveas  Systens

fhe  Gigemwlues ok 3}#—7{,7

Por wwit oycka  Stoblity  check  You o can Moo chang e coordirELUND
+o ) and  pney Lineorize e sysfer

Existence of limit cycles — Describing
Function Analysis

_ ~ encircleme,
Consider a form of the van der Pol equation: ﬂiil'm?“:mf;u iilu;iaff%einwmwg E om

Sl unshoble = Z | undable) @
W rin e drele A avirclements =

Thia is in fact the van der Pol oscillator that generates limitcycles.  tcy,, .. = (sfabl)
@Use theltieslcﬁ:nb‘lir;g ,19{1,0"0” analysis to examine the existence of a limit cycle.

i+eBe®-1)i+z=0

he cif<c © o

fron . Ny > L& 3
. o4 N(AJ’ SAL :3\4:;/
- J Howard origin =
Fos ‘ I A incresses _NltAj moves ward. s i
e ————————— ——
g“‘ NW) [1¢ J{*:@ disturbed o Jhe Lot (d@cvawaﬁd] Yhen
k- A2 » um+dhie (quF of e Grede ) ane (ehurns bk
S Tp A8 wishuebed 4o ThE right Cinerassod)

s

12 1 08 o5 70: 02 o 02 r . r%uVMS .
The predicted tm ] e Bae (e chese] ond Tifo
7 ste ble o< (deareoses ) .



Lyapunov stability analysis

1. Vs o ea NIg%) € xm o fer XEQ

VYD 0tk ED oept
dor. [\/4b ~ N> D p—i,j = dsqwpteric fJﬂu,,u%»ij
Vo rdially e beded o)
. lblabaut,

D ~V>o p.d Cov xeg/g;@‘»

TL U<o Hen stable  equilibriuw polnt -
Lo SMQ.
\73 @) B = L}( =0
*=fr) URiveRsITY

Lyapunov stability analysis

1
&y = a9
@y = —bxy — 2o(1 — a’z} — 22)

to,0)
Show that the origin and the ellipse a22? + 23 = 1 are invariant sets for b= <
Qﬂﬁfl =a we 5274 2110/%215
For X7 *2=
o Uipse
— 2
(o RIS L Lor b=ot

2 2,2 z
- . * axX o+ BT
Zﬁal‘:,?ofxmﬁ+2>‘z>‘z:migjyz/xl+ ! e i)
= %2 CafxPax®-1)
we jy_ [ =0 ie.
ihvaridnt
Ssimifar Ao whed e did for

() = §(e)=0 Y
for 6=2° e

cquiddium peird [ocigin) Lunp

BIBO — Circle Criterion etc.

A motor is controlled using position and velocity feedback combined in a P-
controller with gain k,. A gain k is used as a weight for the position feedback.
The input signal is saturated due to input torque limitations. In particular u =
—ky(i + kzx) if =1 < u < 1, otherwise w is saturated to —1 or +1 depending on
the signum of & + kz. Use the circle criterion to study the asymptotic stability

of the origin.
r=0 stk
s(st+am)
Gls) = st va
s(s+am)
; jwtk . e
G(jw) = % = Re[G(jw)] = :2+a13€n

Lyapunov stability analysis

*7
1 Here +he .
=T oLcAuA /er‘oh Y .
@y = —bxy — 2o(1 — a’z} — 22) of  attraiAian x
rs V<4 since N nns

= . V=a s < Jrversaagd 5 e Zamw’* eydlef
Show that the origin and the ellipse a?z7 +z% = 1 are invariant sets forg = <.

Choose a Lyapunov function to show that the origin is a locally asymptotical we
stable equilibium point. Inspired by Hhe  fvst q uestion
hoos V= MZX\QﬂLXf >0 p.d

° 2
What s the region of attraction? 1/ = - % (4= a?x{ =" )

§ epion ok the 14 xe 0,5 [xel?, V<1 oom the ellips€

Lovm 2= {v%} V e? 2 O (et negdHive definide ) {

is an esHworte o 0 M= | o 1'Hj x—= O

e oA LaSall In 94 = { oy for sl UReveRsiTY
doHA € (e m=s » RkZo 2 x=o0 )

BIBO — Circle Criterion etc.

A motor is controlled using position and velocity feedback combined in a P-
controller with gain k,. A gain k is used as a weight for the position feedback.
The input signal is saturated due to input torque limitations. In particular u =
—ky(i + kzx) if =1 < u < 1, otherwise w is saturated to —1 or +1 depending on
the signum of & + kz. Use the circle criterion to study the asymptotic stability
of the origin.

r=20

Circle Criterion

NyquistG(s) = s(%fm)

am>k k>am

Nyquist Diagram Nyquist Diagram
15 : 80 : |
T 7 o % Py S

Imaginary Axis

Imaginary Axis

0t i 1 0

48 a4 Ao ill
0 os

o ’/éal Axis

arbitrarily large

1

“
You could check the
conditions for strictly
positive real functions and ]{5 S
get the result without a

Nyquist graph.
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Nonlinear Control Design

“) v p-d  dor o, b>0o posifive

& = —x1 + 023z " . . -
{ ! ! "2 g positive constant V) = a¥x + bxx, =

= —ax? +Eﬁ><ﬁx—z) +b>iz 2
- - = GXIS - Ix,

b
Use

con §tanFrT

To=u

w=
(a) Assume that z; is not measurable and thus cannot be used for control. )
the function V' = 1 (az? + ba3) to show that linear feedback of x-» can achieve v/ - fax[ik Yb 7(2

local asymptotic stability of the origin. .
\ <o
%) Assume full state feedback can be used. Derive a controller that can achieve
global asymptotic stability of the origin? Is the stabilty property exponential 74«
te) ot b ave free P pImefess
- _ £
(4)Is your controller robust to uncertainty in the parameter grreme T =g Wheve £ &
2 2 [ ive congtact
i <k (b ) ¥ positive
@ML“{LHMZ\/ o) T They  we -gx3 ok, indepoudent of © .
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