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Sliding set

. £ () /R >0
. Sliding set: X=

— 5(z) =0 {0x) 6(x) <o
(%rf* <0

80 @and omt towards o(z) =0
f > ()

 Once the trajectory hits the switching surface S, it cannot leave it because
the vector fields on both sides point towards the surface

« If /T and f~ point “in the same direction” on both sides of the set o(x) =
0, then the solution curves will just pass through and this region will not

belong to the sliding set.
. If( +(z) = f~(z)|on o(z) then the sliding set is actually a set of equilib- LUND
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Sliding set

- The gertral behavior for the solution is to slide on o(x) (sliding mode.)

 The sliding motion can be described by noting that there is a unique con-
vex combination of f™(z) and f~(z) that is tangent to o(z) at the point
£.

o(x) >0
« Sliding dynamics: ()
o(z) <0
/
fo(x)
« The fast switches will give rise to average dynamics that slide along the LUND
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set where o(z) = 0.



Example

T = [O _1]:1:—|— lllu:éx—kBu

I -1 1
u = —sgno(z) = —sgnry = —sgn(Cx)
which means that
. Ax — B, To >0
€Tr =
Ax + B, xo < 0

Determine the sliding set and the sliding dynamics.
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We thus have the sliding set {—1 < z; < 1, x5 =0}
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Example: Sliding dynamics

The sliding dynamics are the given by
ib:()ff+—|‘(1—()f)f_ 51/('0(.1‘149, dyyzolw«"c..(

= Y (@) a@) o [ (@)~ (@)

V=52

On the sliding set {—1 < x < 1, x5 = 0}, this gives

Lt‘l . —35‘2—1 B —$2—|—1
[Zi?g]_a[wl—aﬁg—ll—l_(l a>[$1—$2—|—1]

Eliminating a gives { Hence, any initial condition the sliding set

Lo = 0
will give exponential convergence to x; = x5 = 0.
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Fhaze plane

The dynamics along the sliding set in o(z) = 0 can also be obtained by
finding u = ueq € [—1, 1] such that 6(z) = 0.
ueq IS called the equivalent control.
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Sliding mode control

« Define an output y = o(x) such that the relative degree of the input-output
relationship is 1 and the origin for the the system o(z) = 0 is stable.

Pendulum: {:}:1 - =0 —1/2

To = —0cos(zy) + bu

o=la 1] [i;] :Eml—I—a[:'(g ‘ 13’91:—@:1:1 2
X,

o= Ty + ary :>: —0 cos(x1) + axy + bu
—
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Sliding mode control

« Design a control input that makes the state starting in o(z) = 0 to stay
there for all ¢. (o(x) = 0 invariant)

Pendulum: ?1 -
to = —0 cos(xy) + bu
o =2x9+ax; = ¢ = —0cos(r1) + ars + bu
(= o 6(2((0)) =0 Y = A (~o(9(2 + B coS(xy) )
s(XW)) = b

U&q.

A\ = />
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Sliding mode control

» Use feedback linearization and design a control input that makes o(z) =
0.

T1 = X9
to = —0 cos(x1) + bu V=

\e’/: gléé =/ [:5605(7(_1_) + D —FJDMQCI&UJ
1

Uequiv = 3 (—awz + 6 cos(z1)) M bv ]

Equivalent control —7
/5_; V:—'Ké/ - - Kéz

0 =x9+ar; = = —0cos(x) + axy + bu

Pendulum: {
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Sliding mode control

* Design a discontinuous control input v as part of the control u = uequiv +v
that drives o(z) to zero in finite time.
%

B,: —Ksignm sign(o) = {1’ o> 1

-1, o<1
« Examine how |o(t)| changes over time The !@M;;Zded
$ nol CK
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Sliding mode control

A
1= Ue
. Choose K such that T drlves o(z) to zero in finite time.

. = = ~94 4+ 9
7/(87 /s designed by using sime CJ%MMF\@ 7 Ueg = 2 n Co sLX)
V= —KSign(U) ’5\/ Chaosinj }L
L o1 5q{4[5}m@%7 {orye
81gn(0) — -1, o<1 ro Jjane 53 740
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Example
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Sliding mode controller: {u = sign(xo + 2x1)

I no Gq(/ti\/d«f@,mﬁ
controller +olded )

- Chattering - wear on
mechanical devices

Bobrutness Le  uncerdrindy

lome s wi7h e
erpense o4 hrgh -
(6'8[7 nenwy th PW‘ ﬁ? nell

i+ 75
1L smoeothesdl 'ﬁ;’Tffg
errors See’
nexd stde (i

UNIVERSITY



Example A

* Cont#nuous control u= tanh <><2+2><i )
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Friction
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L_ubrication regimes

Steady state friction: Joint 1
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Hysteresis and friction

« Dynamics are important also outside sticking regime

* Hess and Soom (1990)

 Experiment with unidirectional motion v(t) = vy + asin(wt)

» Hysteresis effect!

A Friction
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Classical friction models s+ ry = £y

e

<YV

b)

F.(t) = external applied force , F., F,,, F; constants

A
/
- [F)=Fesigot) | )
F(t) = Fyu(t) + F, sign o(?) 0
FK\’//// i Coulouns
F. sign v(t) + Fyo(t) ()#0

v F(t):{@axmm ,@ @’S v(t _‘Oj

(C‘) K QTL{IUO\/L BVL’/‘ 67(}.);—655,‘07
1) sign o(t) + Fo(t) o) h

v(t) = 0 and |F.(t)| < F LU;NQD
U(t) = () and ‘Fe (t)‘ FS UNIVERSITY




Advanced Friction Models

« Karnopp model

« Armstrong's seven parameter model
» Dahl model

* Bristle model

* Reset integrator model

 Bliman and Sorine

* LuGre model (Lund-Grenoble)

See PhD-thesis by Henrik Olsson

https://lucris.lub.lu.se/ws/portalfiles/portal/4768278/8840259.pdf
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https://lucris.lub.lu.se/ws/portalfiles/portal/4768278/8840259.pdf

Friction models with extended state

Dahl’s model

LuGre model

Z(T) = v — @z
g(v) = (Fc+ (Fs — Fc)e—|%|2) _

F(t) =opz(t) + 012 + Fyo(t)
Vo iy S §
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Friction and control

* Friction compensation

— Lubrication High-frequency mechanical
— Dither vibration: used to avoid sticking

— Integral action Integral term compensate for
— Non-model based control slowly varying disturbances

— Model-based friction compensation
— Adaptive friction compensation

MW F

Friction [=—

PID —= -
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Friction and control

* Friction compensation * To be useful for control the model should
— Lubrication be:
— Dither — sufficiently accurate,
— Integral action — suitable for simulation,
— Non-model based control — simple, few parameters to determine.
- Model-based friction compensation — physical interpretations, insight

— Adaptive friction compensation

« Simple models should be preffed.

* |f no stiction occurs the v=0-models are
not needed.
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Adaptive friction compe/psation

= Upp +hoqy

SN

——v—Result:e=a—-a—0ast — oo:

Covh e

(] .
LFfriction = asgn(@ m%
Ffriction . rsdel
Friction -
UPID l—t 1 v 1 T
" ms | s
Friction -
~ estimator |
F friction

Assumption: v measurable; update

(/ \—7

(6 = huesgu(v).

[Friction estimator;? @ =z — km|v|
 Flriction = as&n(v)

- «ha—

-

Gfikt’ (Ut :S%V\(\A \;

de —di _d> [0,
it dt  dt

= kupipsgn(v) + kmosgn(v)

—

= ksgn(v)(upip — mo)

— —ksgn(v)(F — F) =—lsgn(v) (@(«SM
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Velocity Control — Results

Prconjcrollger
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P_I—controller with Coulomb estimation

Pll—conltrolller
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Quantization

——| Quantizer — D72

Digital signals have specific number of bits
(accuracy and range of signals) (e.g. 8 bits, 64 bits)
Quantization in A/D and D/A converters
Quantization of parameters

Roundoff, overflow, underflow in operations

Linear Model of Quantization

u Q [ u:y

* e: Noise independent of u with rectangular
distribution over the quantization size with
rectangular distribution with variance

+oo D2 4 D2
Var(e) = / e f. de = / e?—de =

. _ppp D 12

» It works if quantization level is small
compared to the variations in u

For prediction of limit cycles

» Use describing function analysis LUWI‘\ID
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Sliding mode control

« Choose K such that u = v drives o(z) to zero in finite time.

u = —Ksign(o)
1 1
sign(o) = { 07

-1, o<1
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Sliding mode control

« Choose K such that u = v drives o(z) to zero in finite time.

u = —Ksign(o)
1 1
sign(o) = { 07

-1, o<1
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Quantization: Describing function

- T

D u Y u Yy
—| Quantizer — ‘ Q C

D/

» Recall the deadzone nonlinearity
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