UNIVERSITY

FRNTO5 Nonlinear Control Systems and Servo Systems

Lecture 11: Optimal control 2

YIANNIS KARAYIANNIDIS, ASSOCIATE PROFESSOR Www.yiannis.info
AUTOMATIC CONTROL, FACULTY OF ENGINEERING. yiannis@control.lth.se




Example 2
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Maximum principle

. Trajectory cost Final cost

I~ % RN < % N

Minimize / L(z(t),u(t)) dt + ¢(ts, x(ty))
0

Optimization ~ where

Problem (OP2) a:(t) c R, u(t) cU CR™,
p(t) = f(x(t),u(t)),  x(0)=
ity z(ty)) =0

Assume that OP2 has a solution. Then there is a vector function A\(¢), a number
> " such that 1+ 0and
no > 0 and a vector i € R" su ng '] # H(z,u,3) = noL(x, u) + AT () f(z, u)

min H(x*(t), u, A(t),no) = H(z™(t),u™(t),A(t),no), 0t <ty,

uelU
A(t) Hy (2*(t), u*(t), A(t), no)

Aty) = noch(tfy (b)) + g (tr, 2™ ()
If the end time ¢, is given, then H(x*(t¢),u*(ts), A(tf),ng) = 0.
If the end time ¢ is free: LUND
H(z*(tg),u*(tr), Mts),no) = —nodu(ty, x*(ty)) — p'he(ty, z*(t5)).

where \(t) solves the adjoint equation {




Remarks

Atg) =mnody (tg, " (tg)) + by (tg, 2" () p
H(xz,u,\) = noL(x,u) + X' (t) f(z,u)

+ Can scale no, 11, \(t) by the same constant {A(t) = — 1T (2*(t), u*(£), \(t), no)

« Can reduce to two cases H(z,u,\) = noL(z,u) + X' (t)f(z, )
— no = 1 (normal) If ny > 0, renormalize to ng = 1. Only existence of positive ny matters.

— ng = 0 (abnormal, since L and ¢ don’t matter)

» Fixed time ¢, and no end constraints = normal case LUND
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Optimal control (Linear Control Systems with
quadratic running cost)
1

1 (Y
Performance, cost function J(u) = ExT(tf)P(tf)a:(tf) + 3 / 1 Qx + u' Ru dt
0
System dynamics . B
(dynamic constraint) & = f(x,u), x(to) = z9
Hamiltonian H(z,u,\) = 1(27Qz + u" Ru) + AT (Az + Bu)
Hamiltonian minimization with respect to u ag(“) —WTRLMNB 5 u=—R1BT)\ At) = P(t)x(t)
u

State equation )l | A —BR™'B"| [z| x(to) = w0
=10 T

Co-state, adjoint equation A Aty) = P(ty)x(ty)

P(t) = P(t)A+ ATP(t) + P(t)BR*BT (t)P(t) — Q

P(t¢) known by the cost function LUND



Example — optimal heating (minimum fuel
problem)

. /Otf—l P(t) dt Hamiltonian H = ngP 4+ \(P —T)
Adjoint equation
st. T'=P-=T, T(0)=
0< P < Pra v N = oy = = M=
T(1) =1 _
= A(t) = pe' ™! A oearnes ol
= H:£n0+uet_1lP—/\T The constrain? o7 i

T temperature
P heat effect

maokes -the PVObJéem

o (t) wedl- d s ned

At optimality

* 0,
P (t):{ Pouw, o(t) <0
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Example — optimal heating

tr=1 H = O'(t)P — AT P*(t) B 0, O'(t) ~ 0
min / P(t)dt o(t) = no + pe' 1 P
0 \,—/

A
pw>0= o(t) >0 forallt ~N

p=0=XAt)=0Vt = o(t) =ng >0Vt

i< 0= o(t) strictly decreasing for all ¢

0
= T = —(T — Paax), T(t1) =0 = 05|

T temperature = T(t)=[1 — e 1] Py ©
P heat effect
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Example — optimal heating
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If £ = 0 (no switching)

_ 1
}%naX'— 1_6—1

If 0 < ¢; < 1 (switching from 0 t0 P, ax)

T(1)=[1—-e ] P =1

4

tp =1+1In(1 - P.L)

max

1
1l—e—1

Pmax >

AN </
J’Q 1666 _\\éz’
Oo-s1>

UNIVERSITY





