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Simplified Adaptive control

i —6’332+u Setd(t) = 0
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Outline

« Static optimization
* Problem formulation
« Maximum principle

« Examples
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Optimal Control

|dea: Formulate the design problem as optimization problem

+ QGives systematic design procedure

+ Can use on nonlinear models

+ Can capture limitations etc as constraints
— Hard to find suitable criterium?!

— Can be hard to find the optimal controller
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Recap static optimization

Optimization under constraints: N
MiNg,y 9_1(32: )
st.  gao(x,u)=0 G (xu) =z <
Necessary conditions for optimality:
« Vg1 points in the same direction as Vg,
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Static optimization

min$1,$2 ( CC% + il?% )
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Maximum principle — no final time constraint

- . TrajectoAry cost\ Final cost /@5/(—
Minimize / t+ o(x(ty))
0

Optimization
Problem (OP1) Where

x(t) € R", |u WEUCRm—D |
H(0) = F(a(t) u(0), #(0) =0

—

Lty vt xiuks

0<t<ty, iven fixed end-time t
S LS Uy 9 f L/gwj\«/é i%, e
Theorem 18.2 of Glad/Ljung Assume that the £0P1 ) has a solution {u*(t), z*(t)}. \fJ
Then ) H(z,u,\) = L(z,u) + AT (t)f(x,u)
min H (2" (), u, A(t)) = H(@0),u’([6),A(t), 0<t<ty, s —— |
uec
where A(¢) solves the adjoint equation @: OH OH
6331 8562 o)
A JORE *
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Sketchy proof (Hamiltonian)

- ¢ ,Trajethfy COSt\ Final cost Optimal Control Problem

Minimize f L(x(t),u(t)) dt + ¢(z(ty))
to
tf
where min J = min {cb(:c(tf)) + f L(z,u) dt}
z(t) e R", wu(t)e U CR™ Y u to
i(t) = fla(t),ut),  x(to) = o subject to & = f(z,u), w(to) = o
to <t <ty, given fixed end-time ¢
P Functions of time the constraint is
‘F — K — satisfied over the assumed period of
time

J = o(x(ty)) +

P

H(z,u,\) = L(z,u) + M f(z,u)
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Sketchy proof (Calculus of variation)

Variation of J:

—_—

ty
0J = K{M )\T) 5:5] —I—/ K@_H + )\T) ox + a—HcSu] dt
0x =t,  Jio Ox ou

Necessary conditions for local minimum (6.J = 0)

» A specifiedatt =1, and z at ¢t =t =
« Two Point Boundary Value Problem (TPBV)

» For sufficiency afg > ()




Summary of the approach

J(z0) :@I(tf)) -+ ft K L(z,u) dt

0
System dynamics &= f(x,u), x(ty) = xo

Performance, cost function

No final-time constraint but final time is a free variable

Hamiltonian H(z,u,\) = L(z,u) + AT f(z, u)

State equation &= flz,u), z(ty) =g (1)
el

Co-state, adjoint equation A= Hg(a:, u, ),  Aty) = Qﬁ z(ty))

Hamiltonian minimization with respect to U min, ey H (u) (3)

We can often first eliminate the control input u(t) by (3)
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Remarks

The Maximum Principle gives nhecessary conditions

A pair (u*(-),z*(-)) is called extremal the conditions of the Maximum
Principle are satisfied.

Many extremals can exist.

The maximum principle gives all possible candidates.

However, there might not exist a minimum!
Example

Minimize x(1) when (t) = u(t), (0) = 0 and u(t) is free
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Why doesn’t there exist a minimum?



Example 1 JJ%

@ min ow) +<j>(%é@)

\——

/
AT N < (%'I)) = - (T)
v(z2) g
— u(tl)
- PN S i |
L%

« Speed of water v(x3) in z; direction with ggf) =1

« Move (sail) maximum distance in z-direction in fixed time T°

» Rudder angle control: v € U := {(uy,u2) : uf +u3 =1}
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Example 1

Hamiltonian:

up) + Agug

‘Adjoint equation: 16 ol o funchon  of Xi

—

[)\1] B [_a &Cl] 0 ] B [ ; ] .
Xo| |—O0H/0xo v (z2) M| =M SN, =D
/l. >‘2 EY N

with boundary conditions

[M(T)] _ [3¢/5‘.£1\m=:c*(tf>] _ H N 1)

dﬁ[)@ 1 Do =1L X —C+CLUND



mn o' b _ whey Bz 1 Oﬂ?\ = ~lla]]

Exam D le 1 Ibil =2 g— -

% o' b = llal cosd

Solution of the co-state A\, (t) = —1, Xo(t) =t —T. 1

Optimality: Control signal should solve

min /\1(1)(35‘2) + ul) + oo N
ui+uz=1 U Zz
anin (A A’-JE 'l ol
Minimize At + Aguz SO that (uy,uz) has length 1 2= T TR Ry P P

'

7Ur\rk A1 (1)
ﬁull U1 ( ) \/)\2 + A2
(X ?

L
ui (1) = !

See fig 18.1 for plots
0

Remark: It can be shown that this optimal control problem has a minimum. Hence it must be

the one we found, since this was the only solution to MP LUND
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