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Outline

» Lyapunov Analysis for Linearized systems Tndirect 4(7*/91/“ ou met ol
——

* Indirect Lyapunov’'s Method

- Small-gain theorem

« Circle Criterion (the point -1/k is replaced by a cycle)
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Lyapunov analysis for Linear systems

Linear system: & = Ax
To check stability:

1. Find the eigenvalues of A, \;.

2. Verify that they are negative.

or

1. Choose an arbitrary symmetric, positive definite matrix Q. Lyapunov functionéfvg) = mTPx7

2. Find P that satisfies Lyapunov equation V(z) =a2TPi+ it Pr = —2TQu

— T — —
Axe h { pasatp-—q |

and verify that it is positive definite.
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Lyapunov analysis for Linear systems

I LetQ =1, A (H) Hxl(léf__ﬂzg < Smalisslt

r=Ax =
2. Solve P from the Lyapunov equation ~ 0  —3] |x2

AP+ PA=—1

—1 0| [p11 P12 L P P2 -1 4| _ —2p11 —4p12 +4pun| _ |-1 0
4 =3| |p12 P22 pi2 p22| |0 =3 —4p12 +4p11 8p12 — 6pa2 0 -1

S‘)O|Ving for P11, P12 and D22 giVGS

V-« Qx ) . P
) . b D11 = — D11 D 1/2 1/2
V< - 9‘“‘4’“&) Il —4p12 +4p11 =0 — [pi p;j B [1/2 5/6] >0
' \/’Z’_—\V/\_j 8p12 — 6p22 = —1 J@/‘HP) I
\ € Aumax (P) I | | Exponentrod -0
g\/"l\m(@)[(xu\ e ?) HX’( 5+BRD\ ur+}j P‘l‘l v /721 p O !,TNEEEIE
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Lyapunov’s indirect method

L{Z{a(co\:'w“"\
Theorem Consider £ % ok
7 = f(m) = (-\‘T)( - Q{ Q}{L
A
Assume that f(0) = 0. Linearization oY 2\6?(:@
&= Az +g(z), lg(2)|| = o(]|z|]) as z — 0. -
= Qx4 [fo9 - =X
(1) ReMy(A) <0,Vk = =0 locally asympt. stable DX g0 M@
\f \"§
(2) dk: ReXx(A) >0 = =0 unstable A SCX]
\r
Lyapunov function candidate: V (z) = z* Px
TR [x=1 A VAPA ~Q LUND
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Lyapunov’s indirect method
— Clrase Q ok 59 e /DAﬂlA—[P:“'

Lyapunov function candidate: V (z) = z! Px

)

Differentiating V (x)along system’s trajectories i = A:c +g(z) = 4+ x)

T V(z)=a"Pf(z) + fL(x) Pz
Ve x Px L% Px —$TP[A£E—|—9( )]+ [z A" + g" (2)] P2

i :T (%w + 221 Pg(z) = — Q.’E 2xTP9($) | [10&7({) [( < Ikl WDH
—a i ?f b~y
Q > )\mll’l
r - Hmw \4 — Qg (&) H><|l2 + 2 I
and for all v > 0 there exists » > 0 such that ( P K|
WP L e
v neamﬁ o)l <@zl D} : el
Thus, choosing v suff|C|entIy small gives NS -6 ]lxllz
% (@1) \QXC]MO;P >Q S '@min(@) _ Q’YAmaX(P)y‘ 'I'H2 < 07
\( O‘W(M

2. Awey P



Feedback form where the nonlinearity is in a

block
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x=Ax + 8§09 = fox)
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Sector nonlinearity

i)
Lo

Bound in sector function h € Secto@cl, k@

ko (y) * h(y) continuous wrt y

nequa 7—(7 — 3

.§.<@Vy +0or equwalently@ < yh(y) < kngM
Yy

Other cases:

hey)
* h €sector(ky, k] = k< ; N

AF/L\ w

e he sector|0, co) (first and third quad?%mt
%é'ﬁgw)

* h € sector|ky, 00) =




Signal norms and spaces

<. — 2
A signal z(t) is a function from R™ to R x K R l!| = T

—_—

» Alsignal norm is a way to measure the size of x(t) in long run:

- - /(2 2
2-norm (energy norm): ||z||> ﬂ\/f@ |x(t)]|2dt ﬂJ
sup-norm: |z = supycr- |a(1)

* The space of signals with ms denoted Ly.  x¢g) €42

« The space of signals with ||z||.. < oo is denoted L.

» x(t) € Ly corresponds to bounded energy signals.

« x(t) € L corresponds to bounded signals.
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Equivalent expression in frequency domain
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Gain of a system Lo

- ] B A J
inof S: ~(S) =sup,,, H—zﬁ = SUD,cr, 7# )a—%
BIBO) stable if y(S) < cc. )

S is bounded-input bounded-output (

u Y _ |aul[o o | |2
— a 1) = 2 . 2L
Static linear relation _— — u€Ls 2 wELo 2 _

U
Stable Linear Syste_mb
T = Ax + Bu
y=Czx+ Du
U
Static Nonlinearity_h wels U2 -

NG ST/
) u,(,;\\;"
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The Small-Gain Theorem

€1 y(S) o=, o) <

O -l ¢ Theorem
1 Assume S7 and Sy are BIBO stable. If
\:[7. [ E’rﬁ

Y(S1)7(S2) < 1

Y r
5, | O< 2 then the closed-loop map from (Tl’TQ)%l’ es) is BIBO stable.

_ L4 Gu |
W@b = sup 14
3 ’ ) Wé(9) ‘ sup |GLjw) } ¥ </
r + G(S) > wele )
sup |G (jiw)| < o
52 we(0,00)
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Small-Gain Theorem Is conservative

Nyquist Diagram

we(0,00)

_ 2
r G(S) Y G(S) - (S—|—1)2
., g
—18(1)0_2 . Frequer:c(‘); o 102 " 05 F—o Rac;:sA 1 15 2 ,
Srat i Chserese 2G() = o
ot | T _ L . 2 2(1—w?) - 4w
1 \\ sup |G(]&))Hk“ <1 — G(]W) — T—w?12jw — (1—w?)2+4w? _j(l—w2)2—|—4w2
\

000000000000

1 . _ 2
)k ! l Gjw)| = V(l_w2)2+ﬁ

UNIVERSITY



Nyquist criterion

() —
L k.

Nyquist Diagram

r

. PC’LRe>o — N(_l/ka 0) + POLRe>O

Given a stable open loop system, the closed loop is
stable if the Nyquist plot of the open loop system does
not encircle the point (-1/k,0) in the clockwise direction.
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Circle criterion

Im 4 I'm I
m

_ 1 N L kl , .

k k 2 T 1

1 2 = =

AT _
Re Re Re
G(jw)
G(jw) G(jw)

« ((s) stable

r G(s) i — 0 < k1 < ko: The Nyquist curve of G(s) does not intersect or encircle
the circle defined by the points —1/k; and —1/ks
[0 , KZ]F 0 = k1 < ko: The Nyquist curve of G(s) stays to the right of the line
()

— k1 < 0 < kz: The Nyquist curve of G(s) stays inside the circle LUND
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Circle criterion — Example 1

i /\/ j=-y+2r = sY=-Y +2X ® (SHW/:;ZA
1 /\ 7 tﬂ(g)=y+%ysiﬂ(y) (5*‘1)% = =l ly) &)

————

1 -

-2 -1.5 -1 -0.5 0 0.5 1

1) Find the sector "y € [0-5, J'Q | 0.5%
Wj)ﬂj + %gin/\y) 3 :Dl/l[o) =1 4 /\r\
o

- .
a:w = 1 % Zsin
2) Apply Circle Criterion depeyiding on the sector = =%~

I
2L g Sty

Vo Al = G oAt . S
L A -—i < S%Y\i')g z e 4 05 0 - C}.SA_ 1 15 2
O.Q < \/\ (3,) \( 3’-8 eal AXIS
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o
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Circle criterion — Example 2

x':—a:—l—r—f(y,t) o 9ot
{yy+2m Lf(y,t)(i‘i—fl y [

1) Find the sector
{(ot) =0

d
2) Apply Circle Criterion dependin

Fut)- 3 -g e:“lz

Nyquist Diagram
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Circle criterion — Example 3

| A
T = —x+1r—sat(y) (
y = Y + 2x y | [ | I\‘lyquist Diagran‘l

——
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1) Find the sector

Imaginary Axi
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