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 Lyapunov-based control design

* Exact feedback linearization
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Lyapunov-based design

X%~
Steps of Lyapunov-based design: ‘C( x,

1. Select a positive definite V(z).
2. Calculate V(x) = 2¥ f(a(3)-

3. Find a (possibly) nonlinear feedback control law that makes V' negative.

* V <0 — x = 0 may be asymptotically stable (check LaSalle)
« V <0forall z #0 — x = 0 asymptotically stable

« V < —\V — z = 0 exponentially stable if addtionally V > ¢||z||?
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» Selection of V (z)

« Depends on the system dynamics & = f(x,u)



Example 3 (Lyapunov-based design)

F\o(" C-:‘le)
Consider the system
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Find a globally asymptotically stabilizing control law v = u(x).
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Energy shaping (nonlinear spring)

e = kx> -
N S = Z (%)= k% zcxye Loy ')

Friction-less system: M= —z(z) +u it o =¥

.
Total energy : E=_3° +/ 2(0)0 — po XM @y

2 Jo . |
Energy derivative along trajectories: E — +u M—]
——

Control the energy to some desired level E,

New Lyapunov function: (V = %(E — Ey)?
U = V(E—'E‘i) 1 >P.0(, —for él% U.
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Energy shaping (swing-up control)
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Rough outline of method to get the pendulu to the upright position

» Find expression for total energy E of the pendulum (potential energy +
Kinetic energy)

 Let E,, be energy in upright position.

» Look at deviation V = 2(E — E,)? >0
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« Find "swing strategy” of control torque u such that V < 0



Exact feedback linearization

* Find state feedback u = u(x, v) so that the nonlinear affine in the control
system
z = f(x) +g(z)u

—

turns into the linear system

and then apply linear control design method.

* Not all system can be exactly linearized. There are systems that their
state needs to transformed to become linearizable:

— firstfind = = T(«)|such that 2 = F(2) + G(2)u

— then find v that 2 = Az + Bv

— Design v as linear feedback controller with feedback of -. ,Af
LUND

UNIVERSITY




Exact feedback linearization

» Find state feedback u = u(x, v) so that the nonlinear affine in the control
system

i = f(z)+ g(z)u
turns into the linear system

r = Ax + Bv

——

and then apply linear control design method.
« Ax can be:

— The linear part of the nonlinear system, e.g. f(z) = Az + f(z) |
— The linearized nonlinear system, e.g f(z) = Az + f(x) where f(x)—

%CU.
— A desired linear dynamics specification.
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Exact feedback linearization

* Relative degree 1: For g(x) square and invertible
u=g (z)[-f(z) + 9] First order integrator

i =)+ | T .
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 Relative degree n n-th order integrator
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Toee T )+ £ WP U= h(x2)+z(>a) v
e b g1

L = {6757 75 } U :g_l(sc) [—f(il’) —|—U]

{J

. 0,-1 In—l] lon—1] lon—ll 0 I 0
T = x + + U . n—1 n—1 n—1
{ 0 0, f(x) g9(z) { 0;,_ ] v [

> (% [ ) “"[m —z(m] uM

O —
Ko 2(4'
(!
X
N
—
P
N
—
!
N
~
X
‘_-
—
+
l



Exact feedback linearization

An inverted pendulum controlled by a motor torque w at the joint:

1

. g .
/ o(t) = 7 sin(o(t)) + —5u,

ml?

v

Control structure for exact feedback linearization: ~ w = mi? |4 sin(z1) — v]
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Exact feedback linearization and control-
design based on linearization

An inverted pendulum controlled by a motor torque w at the joint:

.e g .
/ o(t) = 7 sin(¢(t)) + s

(% Cb T1 = T

)/ . _ 9. 1

° Ty = 7 sin(x1) 4 U
Control structure for exact feedback linearization: C'Ogsed loop system:
u =mi? T sin(zy) # v| — {xg =7 L) el
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Multi—joint robot control with exact feedback
linearization

Dynamic model of the robotic arm:

(9' +(C(6’, 0)0 ?F GO)=u, 6HeR"

Call actuated if n indep. actuators,
M () n X n inertia matrix, M = M1 > 0

C(0.0)0 n x 1 vector of centrifugal and Coriolis forces
QG(B) ) n x 1 vector of gravitation terms

- V= — R il
Design a controller so that 6 — 6,. o (X - %) -k Xz |

Onverse dynamics ﬁpproach. =" M (6 ~Be) - bt Zf’“ a Y
bl ad ol J
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Should | cancel or not?

— Wen Q/'fm.eoz\/ %N\‘.Ai

« Good nonlinearities — passive i = _/h(j;) () u
h(y) Mol neay,  doWpin
— = - Cq Passive: energy absorbed by the
LO/ ) zh(z) > 0 damper is positive
0 | ’ / ' _ dP Passive: energy stored in the
// Y tz(x) = = spring is positive

Pz/omz(a)a

Total energy as Lyapunov function:

Energy derivative along trajectories: V = —ih(&) + du ‘ ‘
P 5 U=—Lx
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Should | cancel or not?

1. *
Total energy as Lyapunov function: V = 5332 + / z(0)o _
’ u=—pp()  ¢p(@)e (0 oo

Energy derivative along trajectories: V = —ih(i)+ du ‘ V = —ih(i) — ipp(d)

LaSalle: V p.d.,V < 0= M = {z = 0,4 = 0} is maximum invariant set.

What if | choose: u = —pp(z)
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Robot manipulator — Example revisited with
Lyapunov-based design

Dynamic model of the robotic arm:
M(0)0+C(0,0)0 +G0)=u, 60eR"

Called fully actuated if n indep. actuators,
M () n x n inertia matrix, M = M1 > 0
C(6,0)6 n x 1 vector of centrifugal and Coriolis forces
G(0) n x 1 vector of gravitation terms

Design a controller so that 6 — 6,..

Inverse dynamics approach.

Another notable property:

S(0,0) := M(0) —2C(6,0) = —ST(6,0) e
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Adaptive noise cancellation

P ~ . Design adaptation law sothatz :=x — 2 — 0
r+axr =bu

{j:—l—a:c = bu

Adaptation laws or update laws: G = ..., b = ...

Introduce z =z — =, a =a —a, b=1b—b.
What are the dynamics of the error?

. V = 1(32 a~2 ’52
Let us try the Lyapunov function { [ = 3T + 70" + b

What do we prove if V < 0?

Are @ and b proved to converge?

b T T
o
s+a _
b x
/s—l-a,
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Simplified Adaptive control

i =0z +u Set(t) =0
u =)+ v What principle of design is used?
Design:

+ an update law for 4, 6 — ....
* a control signal v(x)

such that x — 0

Introduce the new state § = 6 — 6.

Find & = f(x,0,v)

— 10,2 02
Let us try the Lyapunov function {V 3 (@7 +707)

i

What do we prove if V < 0? LUND
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