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Outline

« Circle criterion and positive real functions (passivity)
« Control design based on linearization

 Lyapunov-based control design
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(Strictly) Positive Real Transfer Functions

losed op e

CO/ g (C)/i )

A proper rational transfer function rea#sx G(s) is positive real if: ‘ S
» The poles of G(s) arein Re <0 ‘M‘ reet
* Re|G(jw)] > 0,Vw € [0,00) — Nyquist plot of of G(jw) lies in the closed
right-half complex plane. -
sri iy
G(s) is called stdgtly positive real if G(s — ¢) is positive real for some e > 0 l posifive rest
It is easier to check directly the following conditions: J U

« The poles of G(s) are in Re < 0.

* Re[G(jw)| > 0,Yw € [0,00) and G(o0) > 0 Or(hmw_)oosze[G(jw)] > O]
— Nyquist plot of G(jw) lies in the ¢ closed right-half complex plane and
does not touch the Imaginery axis.
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Matching Quiz

Nyquist Diagram

Nyquist Diagram Nyquist Diagram

Imaginary Axis
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Kalman Yakubovich Popov Lemma

= Ax + Bu

G(s) = C(sT = A)"' B+ D — Ey —Ci+Du

R=[B AB---A"'B]

Mlnlmal realization of ]

* (A, B): controllable e
* (A,C): observable g AC
] An—lc |
. . P =-Q—¢P
G(s) strictly positive real P=P"'>0,Q=Q" >0,¢>0s.t. { PA+ Apg _ ijg ‘
PA+ATP = —
G(s) positive real AP =P" >0,Q=Q" >0st. { PR — Cdg




Passivity Theorem(s)

Passive Linear System

(Strictly)
positive
real

T | G(s)

« Feedback interconnection of passive systems is passive
* Apassive system is BIBO
 If the input r=0, the origin of minimum realization of G(s) is gas

h(-) |

£\

—_—
-

h € sector|0, oo] (first and third quadrant)

{ h € [0, 00 %nd (s) = G(s)|is strictly positive real
(rhe feedback system is Bllij

Power inflow

¢ pd) P ©
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Passivity theorem — Circle criterion

Im A
L L
k1 ko

)

I'm

< Re
G(jw)

* h €[0,00] and Z(s) = G(s) is strictly positive real

+ h € [ky,00] and Z(s) = 7 o is strictly positive real

h e [k, ko) and%(s) = % is strictly positive real
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Circle criterion — Strictly positive real functions

Y =cT

i1 = —x1 — sign(z )min(K\a: ‘ 1) Find the maximum value of K that ensures Nyquist Diagram

_1 ! ! th asymptotic stability of the origin using the’| e

Ty = —T2 + 211 circle criterion. | ) N
1) Isolate the linear part of the system (A). Check the argument (input) of % =~ ; System: sys
the nonlinear function (c). Check how the nonlinearity is involved in the g | Froavoncy (s 175
system(b). Find G(s) using A, b, c. I ,r

. ﬂ‘ - -t 0O \E Fe - AT J \\.\\ /
) 05| ’ Reaoli«xis 1_ 115(,.2 L =

~o935 K

2) Nonlinearity: Find the sector as a function of the gain K
ffan(x,_) Min ( lef’,i] "IL le{] < 4 -F(X) = ZX_L

kowix| > 4 fex) = sgnxe) le
3) Check if the Z(s) is strictly positive real

— - it Azo Hdhey e
fe[o ¥} fuadvetic  Polyuowtisl (5
'POSHIVQ {bV ozvl\(; &:w’&

G( . ) B 9 B 2(1—w?) s Ao Check “he d{scr{mivxoévdc(lﬁ o€ , SR
JW) = 1—w?+2jw ~ (1—w?)?+4w? j(l—w2)2—|—4w2 the  puidvitic @pU obtoV XKT42((—) x +Z A )

: L 2(1—w?) le4—|—2 1-K w2+2K—|—1( ‘ K <4 LUND
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Linear control design based on linearization

_gfl gfl

* L1 L2
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-0 f1
of dur
A=[7 1 (P 5utem - _353]
e

Controllability condition: rank(R) = n
- T
o B0

— n—1 o
utvwd g0 R=|B AB---A"""B] X = A?ﬁ«kBt&
l U =~KkX
s = (MROA
i = f(o,u = K@ —a")) v =@—
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Example (Linearization)

An inverted pendulum controlled by a motor torque « at the joint:

1

B(t) = 7 sin(é(1) + —u,

where u(t) is acceleration, can be written as

e
Bo= i*i[{’

. g 1
~ Tog = 78111(331)—Wu O u*: f}’lf)g!lsin(gl

Linearize the system and find a control input that can stabilize the system
at angle 67 Is the linear system controllable for all §?

b=, 4
- ( %@CX_L) @ 7 X - —CO5g ) z/;
~ )| X=X _

7 Zc_fmgﬁsmg-k(qs "h(@*g)

—
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Example (Linearization)

An inverted pendulum with vertically moving pivot point

1

B(t) = 7 (g + u(t) sin(o(1),

where u(t) is acceleration, can be written as

jil = T2
1 :
Ty = 7 (g 4+ u)sin(zq)

Try this home — See lecture notes 2.
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Lyapunov-based design

Steps of Lyapunov-based design:

1. Select a positive definite v%)./ x=240e,u)

2. Calculate V(z) = )2X If (z, ).

——

3. Find a (possibly) nonlinear feedback control law that makes V' negative.

* V <0 — x = 0 may be asymptotically stable (check LaSalle)

« V <0forall z #0 — x = 0 asymptotically stable

« V < —\V — z = 0 exponentially stable if addtionally V > ¢||z||?

Comments:
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» Selection of V (z)

« Depends on the system dynamics & = f(x,u)



Example 1 (Lyapunov-based design)

Consider the nonlinear system () ”2- [ Xé‘%
2 N ><2 Z/
r1 = —3x1 + 22125 +u - 2
, : \/-“—"kt*ﬂ<2 —*QX(Z~XG(
T2 = _'CU% — X2, ® ¢ & o
V<= xbxt =9V s NIRSIVAN

Find a nonlinear feedback control law which makes the origin globally asymp-
totically stable.

Ve L)

: 2
. T-3%, 49x%, X5 4w _ 2 2 2 ~
V:[x( XZ] | (=2 ]_*SXKA—QX(XZ *I"X_LLL‘Xz’"XZ

x5 X2 P -5
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Example 2 (Lyapunov-based design)

Consider the nonlinear system

r1 = —3r1 + 2:1:1:1:% + u
jj‘g = —ﬂjg — X2,
Find a nonlinear feedback control law which makes the origin globally ex-
ponentially stable.
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Example 3 (Lyapunov-based design)

Consider the system

Find a globally asymptotically stabilizing control law v = u(x).




