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Stability of an equilibrium point of a nonlinear 
system – Lyapunov’s Direct Method
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Lyapunov stability analysis - comments

• The conditions of the Theorem are only sufficient 

If conditions are not satisfied:

It does not mean that the equilibrium is unstable.

It means that the chosen Lyapunov function does not allow to make a conclusion 

It requires further investigation 

✓ try to find another Lyapunov function

✓ Use other Theorems ☺



Outline

• Softer conditions

• Convergence rate (exponential stability)

• Invariant Sets

• Region of attraction

• Asymptotic stability of invariant sets

• Lyapunov stability for linear systems



Asymptotic Stability (softer condition on     ) 
Barbashin, Krasovskii Theorem (LaSalle Invariance Principle is more general and proved afterwards, we 

can call this LaSalle Theorem)



Example (revisited) 

Barbashin, Krasovskii or LaSalle



Exponential stability 



Invariants Sets



Lyapunov sets as invariant sets 

Why?



Region of Attraction
• Local asymptotic stability theorems guarantee existence of a possibly small 

neighborhood of the equilibrium point where such an attraction takes place



Discussion

Van der Pol equation in reverse time 



Example 1

Example:



Example 2

LaSalle



Example 3
Van der Pol equation in reverse time 



LaSalle’s invariance principle
LaSalle’s invariant set Theorem



Example – Limit Cycle 



Example – Limit Cycle 

LaSalle’s Invariance Principle

almost globally 



Example – Set of equilibriums 

At equilibrium 

LaSalle’s Invariance Theorem



Lyapunov analysis for Linear systems

To check stability:

Try to prove stability with:



Lyapunov analysis for Linear systems

To check stability:

Try to prove stability with:

Parametric Lyapunov function in a quadratic form 

Choose parameters for P such that                 p.d.



Lyapunov analysis for Linear systems



Lyapunov analysis for Linear systems

To check stability:

or


