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Outline

• Physics based motivation

• Lyapunov function candidates

• Local Lyapunov  Stability 

• Global Lyapunov Stability 

• Lyapunov stability for linear systems

• Lyapunov stability with linearization



Example (nonlinear spring with external force)

3

• Differential Equation

• State space representation

Position: Velocity:

• Energy

• Plug in the system dynamics 

• Derivative along the system trajectories

Hardening springNonlinear damping

Kinetic Potential



Lyapunov function candidates



Lyapunov function candidates  – positive 
definite functions

increasing  function with 



Lyapunov function candidates  – quadratic 
forms



Differentiating Lyapunon function candidates 
along trajectories 

Example:



Energy conservation and dissipation



Energy conservation and dissipation 
(pendulum)



Local stability of an equilibrium point of a 
nonlinear system – Lyapunov’s Direct Method

Stable Equilibrium

Positive definite

Positive semidefinite

Positive definite

Asymptotically 

Stable Equilibrium



Sketchy proof of the basic Lyapunov Theorem 
on stability

Choose 

Choose 



Stability analysis of eq. for the pendulum



Stability analysis of eq. for the pendulum



Stability analysis of eq. for the pendulum



Stability analysis of eq. for the pendulum



Stability analysis of eq. for the pendulum



Global stability of an equilibrium point of a 
nonlinear system – Lyapunov’s Direct Method

Stable Equilibrium

Positive definite

Positive semidefinite

Positive definite

Asymptotically 

Stable Equilibrium

Is it enough to consider                    ?



Study the stability of the eq. point 

Example:



Radially unbounded functions

Example:



Lyapunov function candidates  for global 
stability – radially unbounded functions

increasing  function with 



Lyapunov function candidates  – radially 
functions

increasing  function with 



Global stability of an equilibrium point of a 
nonlinear system – Lyapunov’s Direct Method

Stable Equilibrium

Positive definite

Positive semidefinite

Positive definite

Asymptotically 

Stable Equilibrium

Radially unbounded



Stability of an equilibrium point of a nonlinear 
system – Lyapunov’s Direct Method

Stable Equilibrium

Positive definite

Positive semidefinite

Positive definite

Asymptotically 

Stable Equilibrium

Radially unbounded



Lyapunov stability analysis - comments

• The conditions of the Theorem are only sufficient 

If conditions are not satisfied:

It does not mean that the equilibrium is unstable.

It means that the chosen Lyapunov function does not allow to make a conclusion 

It requires further investigation 

✓ try to find another Lyapunov function

✓ Use other Theorems ☺



Lyapunov analysis for Linear systems

To check stability:

Try to prove stability with:




