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Outline

* Physics based motivation
 Lyapunov function candidates
 Local Lyapunov Stability

* Global Lyapunov Stability

* Lyapunov stability for linear systems

* Lyapunov stability with linearization
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Example (nonlinear spring with external force)

 Differential Equation

m | mi + bli|z + kox + kia® = 0

I i_: v ~N"
S el Nonlinear damping Hardening spring
!4( TR - ik
i i « State space representation

‘<
<

T Position: L1 = & Velocity: T9 = T

Kinetic Potential : :
* Plug in the system dynamics
-k L « Derivative along the system trajectories
. . max
0 mx = —b|t|t — kox — k1
o[’E / = : 3 .
m%% E(Jc ) =mat + koxt + k1x°x X
J_D (kos’]"k\é‘g)&S: (=l
S B(e.@) = ~blali* <o =Lk b G
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Lyapunov function candidates

Viz): Q— Ris a\El functions 2V oxists + comFnuoua

! >

V[%l,x2/~~) )

V() is positive definite if V(x) > 0 V{z§ # 0, and V(z) = 0 only if 2 = 0.

V (x) is positive semi-definite if V(z) > 0 Vz € (2, ,
V(x) = 7<\2 +Xp

eximple
2 ?
Y + 7(2 =C

) evel sets

Lyapunov level set where V' = ¢ (¢ constant)

Q.= {zeR: Viz)<c)

Z7~ -
)(;2—'[‘ %2 °/y;()i(‘(:\\$
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Lyapunov function candidates — positive
definite functions

_ ‘e -

B S I e SR BERTC B ER

V@:m% —= posifive sewidetinite
2 2 )

V(:B) = r] + ax; L a>o P. o

W hem X
VXSS 6 Vix)=o wh &en NG o,

V(z) =27+ (z1 — x2)? N

) ‘N’ =0 ey X\ -~ 7<L
V(:B) — xl _|_ 582)2 —2 :P'OS‘I’)HV'C sceum ID'QJ/H’H')C ‘/(74)

h(y) increasing function with h(0) =0
uﬂ"‘f%“-’f sob-b(’fb\q 'U*_:Z)

V(z) = [5" h(y)dy + =3 }

V(z) = h*(x1) + 3 heg) = o

X4 rd
Ve[ hopdy + %
Ls zero ]Co‘/ \z="0 —

q

X
y>D = l’le)} ho) => h[j)fb ﬁ?JG n(g)dy2
inweols'mj ) =0

Y hieyd =2 & \ /‘

O’v( 16 (»z,l\éb
O5 g1y
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Lyapunov function candidates — quadratic
forms

For a symmetric matrix M = M7 all eigenvalues are real and:

e 21’ Mz > 0, Vo # 0 <= M positive definite — N(M) >0, Vi
e 2T Mz >0, Vx <= M positive semi-definite <= \;(M) > 0, Vi M
= 1 -, = =
. 2.: 1 1 )
« For a symmetric matrix M = M7* V=7 )fzj Lo bj L*&j
o L. 2 igs (M) = (O 1
= KD P < TMe < Aw(MDlal?, Ve CEYITRE)
e

N — som i @Q%h i>e

Proof idea: factorize M = UAU?, unitary U (i.e., ||Uz|| = ||z|| V), M
A =diag(A, ..., \) h/L”\ ,
2, (X, - '
penteenn [X]U[2 T[0T
« For any matrix M
y d@%(M) i =0 ]',_% @(\T‘S > 6 QRS
LUND
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Differentiating Lyapunon function candidates

along trajectories

/x:ﬂx}
: oV oV
Viz — = (x
(€)= 558 = 2 5 o)
ov. _ | oV oV
Oxr | Oxq1’ Oxo’ """
Example: V:é){,ﬂ_ ‘;X&Z
$'1 = —X1+T1T2
jZ’Q = —X9 — LE%

\/ /ﬂ)(a, 4’)(2)’(2

7'-)(% 7‘1 —/41

- "75}

oV 4
ox ./
Viz)=c | z()
g (D
ox,,
T4 = —T2+ T1X2
3'92 - X1 — ZU%
T4 X )
)V ~ [7<r 2] l [ j




Energy conservation and dissipation

oV 4
ox/
- oV oV S x(t)
Vi) = —z = (x Vir)=c /
(#) = 5 = L g i@ ,
vV _ |9V 8V oV ~
Oxr | Ox1’ Oxa’" " " Oxnp, N,
6;4&/35 x
' conserugsh 04
—|_. -] {1 OLTb :Of-b = ”Q” //b// cos ¥ xngle behueenr
« Energy conservation: V(z) = ZX f(z) = 0, i.e., f(z) L 2¥, 2¥: normal = )b
: - Ox I ox?’ Oz *
to the level surface V(z) = ¢ —> inner prooduct
- Energy dissipation: V(z) = X f(z) < 0, i.e., f(z) 4% forms an angle
bigger than 7/2 smaller than =
(equal ) e
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Energy conservation and dissipation

(pendulum)
ml20 + kt + mglsinf = 0
19 fbl: i)
io= —2z9—Isinzy, b=25
1

V(x1,x2) = E(6,0) = §m€292 + mgl(1 — cos @)
Lo S

én@(‘(ﬂj Linet ¢ potentiol
No friction b = 0, lossless mechanical system Friction b > 0, damping
s : - - . 2.« 2,
L(86)=ml 68 + myésmﬁg = .= ~bl'8

P
‘ = E =0
J.f =0 i
&, 6 S
{05 sIN Y
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Local stability of an equilibrium point of a
nonlinear system — Lyapunov’s Direct Method

i=f(z), f(a*)=0 a*=0€QCR
Asymptotically
“Stable Equilibrium

DZ??( e o X‘L—l—'x[ XZ
XZ - - X| _,>(,2

{ —V(z) Positive deﬁnite}

Stable Equilibrium

4V : 0 =R

4 N
V(z) Positive definite

—V(Qj‘) Positive semidefinite

2 1.2
b o =L NS D b | (04) sloble

X ==X, %Xy vele 2 12 ‘
o= % —wE TN tg M NENe

2— - - { .

. Shoot Liky o4 (0,0)

@ . Difb{‘ . RS W7 2

TP \V posihve dedinite ot s
$ =X =0 . = (0,0 WPt 6 e LUND
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Sketchy proof of the basic Lyapunov Theorem
on stability

=0 VR,3r(R), z(t) startsin B, ={xecR:|z| <r}
remains in B = {r € R : ||z|]| < R} C Q

Choose Ly ={zeR: V(r)<~y}CBgr

Choose B, ={zecR:|z| <r}CQ,
V(z(t)) <0

Nporst ! Aok /5 Ao .’L‘(t) - ny . \va 2 0
oy i V)= V)= =4




Stability analysis of eq. for the pendulum

{ L1 = I9
- _b.. _ g — k
To = —ro — ysinxy, b= 7
9 Lquilibciung X2 = O
sinx,zo =2 “1==NnTm

By o(ssum/lfmg Q:&Xl]<ﬂ/7<z<ﬁ/[j {X'JX&>:(0}©)

s ~+he only

1 H
V(xy,z2) = §m€2j¢% + mgl(1 — cosxy) p.d in © . in 2
for X <9
[/{/CDS?(_L] >0
. — : 2 T L9 o 2.2 =
V(xy,x2) = Imglsinxy mlxs] _%372 _%sina; ] =..=—-bl‘x; =B

Bascd on The Theorem, e  Conclusiol we moke 15 ~fho
e ep. (o0,8) 5 SHble
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Stability analysis of eq. for the pendulum

1‘9 # We canno+t molee  «nY con Lusion
—éér o/ngla-FoHc 5"’%1&-}’3
(5—}022)1‘/(4’4-7 o of (onve Y(y@na&)
1 mg

V(zy,22) = §mw% =+ 7(1 — cos ) 4 we need VQAHM@,V ,‘;71/@5+;ﬁo4€
g;y c. 9. con sro eri "4 onother
mg X9 ljdﬁdw Y 744/20%513

. . T 2 .
V(xy,z2) = [7 sinry maa] |, g =...=—bxy condidse.
ml‘g ) SIN X1

O’v( u.m,l\éb
O5 g1y
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Stability analysis of eq. for the pendulum

T )
To —Lgy—Ising;, b=2%
1
1‘9 V(zi,229) = =2 Px +mgl(l —cosz1), P = [pn p12]
2 D12 D22
V = —pniat + prawi2s + Spaary + mgl(l — cos ) PuPaa—Piz > O PUFO

2 2

V = prizid + pra®idy + paixedy + paatais + mglsinriry
Sebetidute  A4he  system dyndmics
V = prua1zotpiaty (— 522 — §8in21)+paas+peats (— 52 — §sinz)+mglsina zo

V = (P11 = pragy J12a) praffifsin o 1021—1022E)@+ mgl —pa2)T2singg s
Group The derms Fhot  jnuvelve  InE sH2te S e
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Stability analysis of eq. for the pendulum

The Herms wunderilltned

T = T ﬂ)@ve' Enow,  3igh
Ty = —%IEQ—%SiHQ?l, b:% n © ‘[/X,/4‘7/17<2{4j
1
19 V(zi,229) = =2 Px +mgl(l —cosz1), P = [pn p12]
2 P12 D22

1 1 The ~erms 0 bexes e
V = —pll.fl?% + P12T1T2 + —pzzﬂ?% T mg€(1 - COS$1) sion indefini4e ZS}YO“M be @106@%/@4)

; 2 X 2 we don™ “know Fherr Fi¢0 T we
p11P22 — Pio > 0 0 < pr2 < bl

: don’t sw Ahe  fundions
V = (p11 — P12 imm)— puﬁ_ﬂ% in x|+ (p21 — P22 %ﬁ?% (mgf —pgg%m

P11 = P12 p12>0 7,0 pio <p22% ‘ P22 = mt
m 2
0 < pra < bl

- b2£2 b£2
P11 = 55 P12 = 5~ e D22 = ml?

AV = /!
J’v( 1666 \éb
055118
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Stability analysis of eq. for the pendulum

j71 — X2
j72: _%$2—%Siﬂaﬁl, b:%
1
19 V(xla :L'Q) = —:ETP:U —|— mg€(1 — COS xl)a P — P11 P12
: P12 D22
2 p2 L £2
L e LI pi1 =% p2=5
V= o P11 T P12%1%2 + 5P22®y + mgl(1 — coszy)
P22 = ml?
Vv
. I . 2 Q(qu = (0 0) Mﬁymph‘}’/éﬂj
V=29 ging, — % o2 7 ,
2 2 V2 - [ 01 5’/‘4’3/@ @/j uiﬁi}mf}‘% @
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Global stability of an equilibrium point of a
nonlinear system — Lyapunov’s Direct Method

z=fx), f(*)=0 2"=0¢€cR"
Asymptotically
“Stable Equilibrium

{ —V(z) Positive deﬁnite}

Stable Equilibrium

Is it enough to consider () = R ?

VR = R
4 I
V(z) Positive definite

—V(Qj‘) Positive semidefinite
\_ J




Study the stability of the eq. point

Example:
i1 = (e 20
y —2(x1+x2
t2 = (1(—}—33-%_)2 )
1 22 1 5 o
__il%ﬁﬁ_+§x2 v
—>
e D) , 2 .
VZ’X;Xt _'LXZ,XZ :-—6;{[ %’ __Q%,Z’Z (__'v 00@(
“ 2
(H‘)([Z)z CA+X, ) (t+ X )
o sy oy storb L € glodod

) heck Ahe wmext  LUND
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Radially unbounded functions

E le: . .
xampie Radially unbounded function: V (z) — oo as ||z|| — oc
i1 = [ + 20
. —_ 2 [
To = (21(11;2;)9;2) sV = %lfm% + %az% radially unbounded? N = }L &

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2




Lyapunov function candidates for global
stability — radially unbounded functions

V(z) = 2 + ax?

increasing function with

V(z)= [" h(y)dy + =3
h(y)
h(0) = 0




Lyapunov function candidates — radially un» o, e
functions fupction )

h(y) increasing function with

h(0) = 0

vvvvvvvvv
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Global stability of an equilibrium point of a

nonlinear system — Lyapunov’s Direct Method
z=fx), f(*)=0 2"=0¢€cR"

IV - R — R { —V(a:‘) Positive definite } (o bl

4 )
Gfobaﬁ
Stable Equilibrium

Asymptotically
Stable Equilibrium

V() Positive definite
V() Radially unbounded

—V(SU) Positive semidefinite

. /




Stability of an equilibrium point of a nonlinear

system — Lyapunov’s Direct Method
&= f(z), fla¥)=0 a*=0€R" Q(R™)

SV QR S R { —V () Positive definite }

V(x)  Positive definite

V(x)  Radially unbounded

Asymptotically
4 I Stable Equilibriu
Stable Equilibrium

—V(:L') Positive semidefinite

o /

Q(R™)




Lyapunov stability analysis - comments

* The conditions of the Theorem are only sufficient

If conditions are not satisfied:
It does not mean that the equilibrium is unstable.

It means that the chosen Lyapunov function does not allow to make a conclusion

It requires further investigation
v" try to find another Lyapunov function
v Use other Theorems ©
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Lyapunov analysis for Linear systems

Linear system: & = Ax

To check stability:

1. Find the eigenvalues of A, \;.

2. Verify that they are negative.

Try to prove stability with:

V(e) = llef® = 2"z = +x

Vo= X EXa X,

= x2 AN, -3

\*[X\}T\A -
Xz Lz ?

//_\

= = A

Eigenvalues of A : {—1, —3}

= (global) asymptotic stability.

det (M) = 3 -4 =-4
-V

(5 w0l p,

£ | O\
</< J| &5 \%
BINS - A
2\ 7y )2

T
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