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Outline

* How to obtain a describing function for a nonlinear element in an “almost” linear
system

* Prediction of oscillations based on extended Nyquist Criterion and the describing
function of the nonlinearity
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Motivation: Nonlinearities in the control
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Motivation: Nonlinearities

* The physical system (the plant) may contain nonlinearities
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Motivation: prediction of persistent oscillations

(limit cycles)
» Oscillations can be desirable:
electronic oscillators used in N )
laboratories. l;/ " \ / \
zl / \
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 Qscillations are undesirable

— QOscillations are a sign of instability, tend to cause poor control accuracy

— Constant oscillations can increase wear or even cause mechanical failure




Nonlinearities: Single-valued nonlinearities

Saturation Increasing slope | On-Off (relay) nonlineari
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Nonlinearities: Backlash

The input gear started
rotating to different directiom—__ 1

driven . driving
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Odd and even functions

- 0dd function  f(—x) = —f(x) * Eventunction f(=x) = f(x)
[ f(x)dz =0 [ f(x)de =2 [ f(x)dx
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Describing function analysis
“io—Fkals
L@—wzf(-) { G(s) 17— —]w

* Assumptions
Single, odd, time-invariant nonlinear element f()

Low-pass transfer function G (3)

Q—/

* Replace the nonlinearity with a quasi-linear component

» Use tools from linear control systems design to examine the existence LUND
Of OSCIllatIOHS UNIVERSITY



Describing function analysis

* Form of the nonlinear system
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« Reference is set zero to study self-sustained oscillations

« “almost” linear system or genuinely nonlinear system (written as shown

in the block diagram)
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“Almost” linear systems

Linear Control Design and linear system

Implementation involves hard nonlinearities, e.g. actuator saturation
or sensor dead-zones

Contain hard nonlinearities in the control loop but are otherwise
linear
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Quiz: Write the nonlinear system 1n a feedback
- form where the nonlinearity 1s 1n a block

i r =20 L
S | k‘hfljg > 1
- ms?2+k,s+k

Viscous Friction —k,z

Hardening spring f = —kx — kp2°



Fourier Transtformation

Input ¢(t) = A sin(wt) output w(t) = f(e) = f(Asin(wt))
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Output — Periodic function w(t + 1) = w(t)
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Fourier Transformation w

(t)/: + 322 | [y cos(nwt) + bﬂsin(nwt)]

4% = %ffﬁ w(t)d(wt) %f MS (nwt)d
[ 0 for odd w 1 ) sin(nwt)d(wt) LUND
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The linear transtfer function as a low-pass filter

w(t) =L+ > ", [a, cos(nwt) + by, sin(nwt)
*
Aslwt) m

O =0 H e

y 4 cos(wt )+ )91 Sinfwd )

« If the transfer function is acting as a low pass filter the output ¥ will be mainly
affected by the first harmonic of w

w(t) = wi(t) = ay cos(wt) + by sin(wt)
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 The method is based on approximations (heuristic)



The linear transtfer function as a low-pass filter

* “Filtering” Assumption: the first harmonic is taken as output of
the nonlinear block

[ Asin(wt) | wi(t) = ag cos(wt) + by sin(wt)

w1 (t) = M sin(wt + @)

\_ J

M = \fa} + b2 ¢ = arctan(aq, b)

r =20 C"w:f() W Yy




Describing Function

Input of the nonlinear Output of the nonlinear element
element (jwt+o)
. — Jw
W1 (t) — (b1 +ja1)63°"t

—

» Describing function definition

Output (jort+Ho) VG
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Describing Function (cont.)

N(A,w) = &el? : :4»(0 3 —w = f(-) — G(s) J
N(A,w) — 1 (b1 +ja1)

|

« Extension of the notion of frequency response for systems with
nonlinearities

* Depends on the amplitude of the input signal in contrast to the
frequency response for linear systems




Describing Function —special cases

N@Aw) =4e? "Ly fu= 1) [ als)

N(A,w) = 5 (b1 + jar)

* Itis real and independent of the frequency when the non-
linearity is single-valued

- Why? a1 = = f w COS wt)d(wt) —— « |maginary part

= L [*_w(t)sin(wt)d(wt) —— -+ Real part



Describing Function — Example

N(A4w) = X (b + jon) alzlff wlt) cos(wt)d(wt)
= = [7_w(t)sin(wt)d(wt)
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Describing Function — Example

W(t) Z379n ( Sinw<)

:éD(bl + jaq) =L " w(t)cos(wt)d(wt)
= L (7 w(t) sin(wt)d(wt)

= L [T sign[sin(wt)] cos(wt)d(wt) = 0
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- Nyquist criterion: Definitions-

(— — — o+l - (s-1) (s- 2) + (5+J)/
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A-»@ — G(S) » * The characteristiC equation of the

+~ Wpwi-gystem:
Lﬂ*“/ Q s) =1+ G(s)H(s) = 0

| H(S) * Poles of A(s)=> poles the OLS system
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+ Closed loop Transfer Functien eros of A(s) 9,poles of the CLS system

TGl
1+G(s)H(s) / « Example:
* Open loop Transfer Function
m G(s)H(s) =
G(S)H(S):a S+ + a1S + ag

bnSn—l—-"—|—b18—|—b0
m < n for proper/strictly proper transfer function



Nyquist contour and plot

» Nyquist contour * Nyquist plot Example
Im HCS) G(S) Im _ Nyquist Diagram.
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Nyquist Criterion

* The number of unstable Closed Loop Poles is equal to the number of
open loop poles with positive real part plus the number of clockwise

encirclements of the point (-1,0)

Pocr, = N(—1,0) + Por

* Given a stable open loop system, the closed loop is stable if the
Nyquist plot of the open loop system does not encircle the point (-10)
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Nyquist Criterion: Quiz
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Nyquist Criterion
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Necessary and sufficient condition stability condition for
systems for stable open-loop systems:

The Nyquist plot does not encircle the point -1/k




Extension of Nyquist Criterion for Describing
Function Analysis (Existence of oscillations)

- Assume that there exists self-sustained oscillations (/- &(J‘W)NMM)&F@

=Y w=NAwle) y=G
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 The amplitude and frequency must satisfy () — Harmonic balance .=

+ If (*) has no solutions then there are no oscillations in the system Lunp



Extension of Nyquist Criterion for Describing
Function Analysis (Stability of oscillations)

4»@*N(A,w)-> G(s)

condition gtability condition for
systems forsstems with stable (open-loop) linear part
The Nyquist plot does not encircle the point N(A )
LUND




Stability of oscillations

Im

Re

Permanent oscillation: Common point of the Nyquist diagram G(jw;

and the plot —1
N(A,w)

Stability of the oscillation: Does the oscillation continue after a

small perturbation in A?

Im

Re

A\ = />
‘Qou',( ("("ﬁ [

UNIVERSITY



Stability of oscillations

Point is encircled

Oscillation amplitude ' Im Im
increases
Oscillation unstable G(jw) Re Re
—1/N(A,w) / —1/N(A,w)
i e
//.74% Oscillation stable Oscillation stable

/ Point is encircled
Point is not encircled Poin.t 'S r.10t encirc.led Oscillation amplitude
Oscillation amplitude 3:::2:::" amplitude increase

decreases

Oscillation unstable
LUND
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Stability of the oscillation: Does the oscillation continue after a small perturbation in A?



Example — Prediction and stability of persistent

oscillations .
e e e -0
(1) e
- f/o\J = ~A |

System Response
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Example — Prediction of oscillations
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Describing function analysis: pitfalls

* DF analysis may predict a limit cycle, even if it does not exist.
A limit cycle may exist, even if DF analysis does not predict it.

* The predicted amplitude and frequency are only approximations and
can be far from the true values.
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