Solutions week 4

4.1

Programming exercise...

4.2
(a)

For a vector v we have that vTv = ||v||3, so if y = Uz and UTU = I we get
lyll3 = y"y = 2" UTUz = 2"z = ||2|3

This means that unitary transformations does not change lengths.

(b)
Let’s first inspect what AT A and AAT are when expressed using singular value
decomposition.

ATA=VvSTUTUSVT =vSsTsvT =vsTsy—!

AAT =usvTvsSTuT =ussTut =usstu!
We notice that this is exactly the diagonalization of a matrix using eigenvalues
and eigenvectors (X = VDV 1) and we can identify ST.S and SST as diagonal

matrices containing eigenvalues of AT A and AAT respectively, while V and U
have columns with eigenvectors for AT A and AAT respectively.

(c)
For a general X matrix, the SVD will be

X =USV' = m[U, Us] {Sl 0} - {

m—r 0 O n—r

n
VT

V;T] =U,5. V.

With U € R™*™ and V € R"™*™ unitary and where S; € R"*" is diagonal,
with r positive diagonal elements.



Note that X7 X will be invertible precisely when STS is invertible (since
XTX =USTSUT and U is invertible). Since

S0
Ta_ , 1
ss= 1|4

this happens precisely when r = n, which means that X has full column rank.
(The interpretation is that there are no ”useless feature-combinations” in our
linear regression model.). Note also that when r = n the matrix V> will disap-
pear (become an empty matrix), and we will have V = V.
Let’s now look at how the least squares formula is transformed, using the
economy version SVD X = U, S, V"
XTxo=Xx"Ty
ViSiVih 0 = ViSiUTy
Siviie = 5,07y
Vi'o = s7'UTy
ViViTo = ViS7 Uy
0 =V1S'Uly

The interpretation of this is then that we transform y by projecting it onto
each of the vectors in U;. This projection will take us to the room where basis
vectors express the data the best, and here we scale with the inverse of the
singular values.

The last step is actually somewhat dangerous (inverting the singular values).
It means that we find 6 by allowing 6 to get large values to be able to fit the parts
of the data with small singular values, which corresponds to directions with little
information in the data. This is a good motivation for using regularization, as
in the next part of this exercise.

(d)

Updating our earlier calculations we get

(XTX +4D0=XTy
(ViS?VT +~40)0 = V1S ULy
Vi(ST + D)V 0 = V151U y
(ST +~DV"0 = 5,Ul'y
0 =Vi(ST +~1)"'SiUy



Looking at the difference from the previous problem we have

—1 =
Sl = o2

(ST +~1)7181 = a3+

where if we plot one of the diagonal elements we see that for no regularization
we move towards infinite scaling for theta as the singular values become small
(i.e. we can allow for arbitrary sized values in 0 for weak signals to fit as good as
possible) while for regularization with a factor v we have the same asymptotic
behaviour, but we have a linear behaviour for small ¢ which mean that we will
allow 0 to change less for signals in directions that have too small o.

We can also note that the peak of this scaling curve for Tikhonov regular-
ization is at /7, so with this you set at what point lower singular value will
vanish quickly.
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(e)

With P, = U1U1T and using UlTUl = I we get

Pl =uhHT =u,uf = P,
P = vl Ul = 1ul = Py
Py(I,,—P)=P —P}=0

The cases with P, = UsUJ, Q; = ViV{T', and Qo = VoV, are similar.



(f)

Programming exercise...

4.3

Programming exercise...

4.4

Programming exercise...

4.5

For linear discriminant analysis we model p(z | y = i) as a Gaussian where all
classes have the same covariance matrix.
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We then make predictions based on the optimal bayes classifier,

il - PEly=0py=1)
ply =il =) 2p@ly=4)ply=73)

and as we know we should pick which ever y gives the highest probability which
(since the denominator is constant for any x) is the same as the y giving the
largest p(z | y)p(y). We look at the log of the probability which makes it
nicer (log is a strictly increasing function for > 0 so the y giving the highest
probability will also give the highest log probability).

log (p(z | y = i)p(y = 1)) = logp(x | y = 1) + logp(y = 17)
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What we would now like to do is to find the boundary where two classes are
equally likely to be picked, and show that this is linear for any two classes.

1 _ 1 _
—5@ — ) "E T @ — ) + Ci = —5(37 — 1) "E 7 @ = ) + G
2Ty e — 22Ty + M?E_lui — Tyl + 2xTZ_1,uj — u?E_luj =2(C; — Cy)
S g — i) = 0] B /2 =l B i /2 + G =



where we have used that 7Y 'y = p7 S~ 1z since ¥ 7! is a symmetric matrix.

Therefore, we get a decision boundary of the form 27w = b which defines
a hyperplane (with normal vector w). Hence all class-boundaries are described
by linear functions.

4.6

Programming exercise...



