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Realisation Theory

Realisation of LTI System
Given a transfer function G(s), the CT LTI state space system

ẋ = Ax+Bu, y = Cx+Du

is a realisation of G(s) if G(s) = C(sI −A)−1B +D.

Denote it by G ∼

 A B

C D


Size n of state vector x is called the order of realisation

G(s) can have multiple realisations and of different orders too!

Question
Given transfer function G(s), what is the smallest order of its realisation?
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Minimal Realisation

Minimal Realisation
Given transfer function G(s), a realisation is called the minimal if there

is no other realisation of G(s) that is of smaller order.

The transfer function corresponding to minimal realisation will not

have any pole-zero cancellation. If there is one - then it’s not minimal.

Minimal realisation closely related to controllability & observability.

Theorem of Minimal Realisation for LTI System
Every minimal realisation must be both controllable & observable.

Proof: If a realisation is not controllable or not observable, we can use

the Kalman decomposition to obtain a realisation of smaller order.

Realization Theory, MIMO Poles & Zeros 5-3



Markov Parameters & Impulse Response

L
[
ti

i!

]
= s−(i+1) =⇒ (sI −A)−1 = L

[ ∞∑
i=0

ti

i!A
i

]
=
∞∑

i=0
s−(i+1)Ai

=⇒ G(s) = C(sI −A)−1B +D =
∞∑

i=0
s−(i+1)CAiB +D

Markov Parameters
The matrices D,CAiB, i ≥ 0 are called the Markov Parameters

System’s impulse response is given by

G(t) = L−1 [G(s)] = L−1 [C(sI −A)−1B +D
]

= CeAtB +Dδ(t).

Further, diG(t)
dti = CAieAtB, ∀i ≥ 1, t > 0 =⇒ lim

t↓0+

diG(t)
dti = CAiB.
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Zero-State Equivalence of Two Realisations

Theorem
Two realisationsẋ = Ax+Bu

y = Cx+Du.

 ˙̄x = Āx̄+ B̄u

ȳ = C̄x̄+ D̄u.
(1)

are zero-state equivalent iff they have the same Markov parameters,

D = D̄, CAiB = C̄ĀiB̄, ∀i ≥ 0.

Proof: If Markov parameters are same, then both realisations realise the

same transfer function. Conversely, if both realisations realise the same

transfer function, then they must have same D = lim
s→∞

G(s) & they must

have same impulse response =⇒ their Markov parameters are same.
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Proof Other direction for Theorem of Minimal

Realisation

Proof by contradiction

Assume that (A,B,C,D) with order n is both controllable &

observable but not minimal. Then, by Kalman Decomposition

theorem, ∃(Ā, B̄, C̄, D̄) with order n̄ < n is minimal.

Since C,O are of full rank and so is OC.

Similarly form ŌC̄ and observe that rank(ŌC̄) = n̄ < n

However, both (A,B,C,D) and (Ā, B̄, C̄, D̄) realise the same

transfer function with same Markov parameters. Hence, OC = ŌC̄.

But rank(OC) = n and rank(ŌC̄) = n̄ < n. CONTRADICTION
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Similar Minimal Realisations

Theorem
All minimal realisations of a transfer function are similar to each other.

Proof:

Suppose that (A,B,C,D), (Ā, B̄, C̄, D̄) are two minimal realisation

of G(s). Then, Markov parameters & Hankel Matrices are equal.

D = D̄, CAiB = C̄ĀiB̄, ∀i ≥ 0, and OC = ŌC̄.

Define using the pseudo-inverses the required transformation

T = CC̄† = O†Ō =⇒ T−1 = C̄C† = Ō†O

=⇒ AT = TĀ,B = TB̄, C̄ = CT

=⇒ (A,B,C,D), (Ā, B̄, C̄, D̄) are similar to each other.
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Balanced Realization
Popular approach for obtaining a minimal realisation where a new

state-space description is got using the Hankel singular values so that

the Controllability & Observability Gramians are diagonalised.

Consider a system G(s) with minimal realisation G ∼

 A B

C D

.
Infer the Gramians WC,WO by solving the Lyapunov equations

AWC +WCA
> +BB> = 0

WOA+A>WO + C>C = 0

Hankel Singular Values
Hankel Singular Values measures energy for each state in a system

σi :=
√
λi (WCWO), ∀i = 1, . . . , n.
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Balanced Realization
Find a transformation T that results in controllability and observability

gramians being equal & diagonal with the diagonal entries equal to the

Hankel singular values. That is, look for T such that

G ∼

 T−1AT T−1B

CT D

 ∼
 A B

C D

 , and

WC = WO = Σ = diag(σ1, σ2, . . . , σn), σ1 ≥ σ2 ≥ · · · ≥ σn.

Look at the Lyapunov equations for transformed system.

AWC +WCA
> +BB

> = 0, WOA+A
>
WO + C

>
C = 0, where,

WC = T−1WCT
−>, and WO = T>WOT

=⇒ WCWO =
(
T−1WCT

−>) (T>WOT
)

= T−1WCWOT = Σ2
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Balanced Realization
How can we check that WC = WO = Σ? Factorise WO = R>R,∃R−1.

T−1WCR
>RT = Σ2 ⇐⇒ (RT )−1RWCR

>(RT ) = Σ2.

RWCR
> � 0 is similar to Σ2. Hence, ∃ orthogonal transformation U

such that U>U = I and RWCR
> = UΣ2U>. Then, define the

transformation T by setting (RT )−1UΣ 1
2 = I. Then,

T = R−1UΣ 1
2 ⇐⇒ T−1 = Σ− 1

2U>R, =⇒ T−1T = I.

=⇒ WC = T−1WCT
−> = (Σ− 1

2U>R)WC(R>UΣ− 1
2 )

= (Σ− 1
2U>)UΣ2U>(UΣ− 1

2 ) = Σ

=⇒ WO = T>WOT = (R−1UΣ 1
2 )>WO(R−1UΣ 1

2 )

= (Σ 1
2U>)(R−>R>RR−1)(UΣ 1

2 ) = Σ
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Model Reduction
Goal of model-reduction: Obtain a model Gr from G such that

‖G−Gr‖∞ = sup
u∈L2

‖(G−Gr)u‖
‖u‖

is small.

Given an asymptotically stable system G ∼

 A B

C D

.
Get a balanced realisation G ∼

 Ā B̄

C̄ D̄

 via transformation T

with WC = WO = Σ.

Then, in the new coordinates x̄ =
[
x̄1 . . . x̄n

]>
, x̄1(x̄n) denotes

the most (least) controllable & observable coordinate.

For model reduction, truncate the system when Hankel singular values

fall below certain threshold so that ‖G−Gr‖∞ is small.
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Balanced Model Reduction

Partition Σ as Σ =

Σ1 0

0 Σ2

, where Σ2 contains smaller Hankel

singular values. Then, we can partition G as G ∼


Ā11 Ā12

Ā21 Ā22

B̄1

B̄2

C̄1 C̄2 D

.
The following Lyapunov equations hold for the transformed system

ĀΣ + ΣĀ> + B̄B̄> = 0 and Ā>Σ + ΣĀ+ C̄>C̄ = 0.

Expanding using above partitions, we can extract two subsystems

G1 ∼

 Ā11 B̄1

C̄1 D

 , G2 ∼

 Ā22 B̄2

C̄2 D
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Balanced Model Reduction

Usually, when systems have n = 106 states, only a small number, say

nr = 50 << n will have their Hankel singular values significant.

Better to approximate system with R106 using R50 reduced system.

Theorem
Suppose (Ā, B̄, C̄, D̄) is a balanced realization and

Ār = Ā11 − Ā12Ā
−1
22 Ā22, B̄r = B̄1 − Ā12Ā

−1
22 B̄2

C̄r = C̄1 − C̄2Ā
−1
22 Ā21, D̄r = D − C̄2Ā

−1
22 B̄2

Then Ār is Hurwitz & (Ār, B̄r, C̄r, D̄r) is a minimal & balanced

realisation of Gr with Gramian Σ1 and

σr+1 ≤ ‖G−Gr‖∞ ≤ 2
n∑

i=r+1
σi.
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