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Pulling out Uncertainties

K|
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Structured Uncertainty

The new pulled out uncertainty has a diagonal structure composed of primitive
uncertain blocks. Every primitive block can be

@ complex unstructured matrix uncertainty to represent neglected dynamics.
@ real parameter scalar uncertainty to represent uncertainty in system
coefficients.

Usually real uncertainty is much harder to deal with. One (conservative) way to
treat it is to cover it with complex uncertainty.

Thus we shall assume that
A(s) =diag{d1(s)Iry, ..., Sk (8) Irgx, A1(S),..., AL(s)}

where 8, A; € RHy, and ||6z]l0 < 1, [|A7]loo < 1.
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Structured Singular Value

Recall the Small Gain Theorem which says that (I — MA)~'€ RH,,, VA€ BRH,,
iff || Moo < 1.

Thus if there exist a frequency w and a complex matrix A such that
det(I — M (jw)A) =0
then ||A|| is an upper bound on the stability margin || M |3}
Given a matrix M € CP*7 introduce
Omin = inf{||A|| : det(I —MA) =0, A€ CI*P}.

We have the relation 1

|M|| = omax(M) =

min
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Now consider the structured uncertainty set

D = {diag[éil,,...,Sklrx, A1,...,AL] : SreC, Alecmlxml}

Definition: Given a matrix M € C™*" the structured singular value up(M) is
defined as

1
(M) = AT+ det(I— MA) =0, AE D}

If det(I — M A) #0 for all A€ D then up(M) :=0.
Elementary property:

@ D={6I : §€C}= up(M)=p(M).

@ D=C"" = up(M) =||M]||.

@ Ingeneral, C-ICDCC"™ s0 p(M)<up(M)<| M|
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How good are the bounds?

Let
A= [‘f)l (?2].
(1) For M = [8 ﬁ] with B > 0 we have
p(M)=0, |[M||=B pp(M)=0.
(2) For M = [jg 1;3] we have

p(M)=0, [M]=1
Since det(I — MA) =1+ (81 —462)/2 we get up(M) = 1.

Thus both bounds are bad unless p~ .
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Invariant transformation

Let us try to find a transformation which does not affect up(M) but changes p and
o.

Define two sets

/4
@

{UeD : UU* =1},
{diag[D1,...,Dr,d1ln,,....,dL-1Im, 1, Im,]:
D, e C**k Dy = Dz >0,d; € R,d;>0}.

Note that forany Ae D, U € % and D € 2 it holds

@ U*eu,UA€ D, AU € D (property of the set D).
o [UA| = [|aU| = [|A]| (since UU™* =1).
@ DA =AD (property of the set 2).
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Theorem

ForalUe % and D€ 2
1) up(M) = up(UM) = up(MU).
2) pp(M) = up(DM D).
Proof: 1) Since for each U € %
det(I—MA)=0 < det(I—MUU*A)=0
AeD & U*AeD
we get up (M) = up(MU).
2)ForallDe 2
det(I—MA) = det(I—MD AD)=det(I—DMDA)

since A and D commute. Therefore up(M) = up(DM D).
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Improving the bounds

Using Theorem we can tighten the bounds as

sup p(UM) < up(M) < inf |DM D7,
Ucu Deo

Theorem:
sup p(UM) = up(M).
Uewu

Theorem: If 2K + L < 3 then

M) = inf |DMD™Y.
up(M) 52@H I
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2
10
10?2

>> w=logspace(-2,2);

>> G=ss(randn(5),randn(5),randn(5),0); Gw=frd(G,w);
>> bounds = mussv(Gw,[1 0;-1 0;-1 0;-1 0;-1 0]);
>> loglog(bounds)
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Remarks:

@ In general the quantity p(U M) has many local maxima and the local search
cannot guarantee to obtain x(M).

@ Computationally there is a slightly different formulation of the lower bound by
Packard and Doyle which gives rise to a power algorithm. It usually works well
but has no prove of convergence.

@ The upper bound can be computed by convex optimization, but it is not always
equal to (M) if 2K+ L > 3.

@ ltis the upper bound that is the cornerstone of u synthesis, since it gives a
sufficient condition for robust performance.
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Structured Robust Stability

€2

w1

Introduce the set
T (D)={A€ RH, : A(s) € Din RHP}.

We have the following structured Small Gain Theorem.

Theorem: Let M € RH,. The closed-loop system (M, A) is well-posed and
internally stable for all A € 97 (D) with ||A]| < 1 if and only if

sup up(M(jw)) <1
we€R
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Proof: The robust stability condition is

(I-—MA)™l e RHy, YAE T (D), ||A]loo < 1.

<" |t is sufficient to show that

sup up(M(s)) = sup up(M(jw)).

Res>0 wER
Obviously >. The opposite inequality follows from the fact that zeros of
det(I — M A) move continuously with respect to A and det(I — M «A) has no zeros
in RHP if || M A]|co < 1/ (homotopy argument).

=" If sup,,c g up(M (jw)) > 1 then by definition of u there exist wg € RU{+00}
and Ag with ||Ag|| < 1 such that the matrix I — M (jwo)Ao is singular. Next, one can
apply the same interpolation argument as in the Small Gain Theorem.
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Structured Robust Performance

Ar
M -] M [
V4 w

Let [p2, 2] = size(Ma2). Define an augmented block structure
D 0
Dp= [0 qusz]

Theorem: For all A € 97 (D) with ||A|| < 1/ the closed loop is well posed,
internally stable and ||#, (M, A)|| < B if and only if

sup up, (M (jw)) < B
wER
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Performance for Constant LFT

My My
My Moo
defined structures which are compatible in size with M1; and Mgy correspondingly.

_(D; 0
o= (% o)

Let M = [ ] be a complex matrix and suppose that D; and Dg are two

Introduce a third structure as

Theorem:

up,(M11) <1

1<
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—

“<” Let ||A;|| < 1. By Schur complement

Proof:

det(I — MA) = det [I_M”Al —Mizh ] =

—Mo1A1 I —MaAg
= det(I—MllAl)det(I—gu(M, Al)AQ) #0.

“=" Basically the same identity plus (from definition of u)

up(M) > max{up,(M11), up,(M22)}
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1 Synthesis via D — K lterations

IR p -,

K

The problenl is to solve
IIl.Il e; P’ K .
K—;tab” l( )””

Approximation: D — K iterations for the upper bound

i inf ||D% (P, K)D™!
o ot IDF(PK)D ™ o

under the condition D(s)A(s) = A(s)D(s).

Carolina Bergeling Robust Control  Lecture 4: Structured uncertainty and p-synthesis



Remarks:

@ Step 1 is the standard H, optimization.

@ Step 2 can be reduced to a convex optimization.
@ No global convergence is guaranteed.

@ Works sometimes in practice.
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Integral Quadratic Constraint

The (possibly nonlinear) operator A on L3'[0, co) is said to satisfy the IQC defined
by 11 if

© W) o 6Gw)
LUy | MO e T 20

for all v € Lg[0, 00).
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IQC Stability Theorem

TA

G(s)

Let G(s) be stable and proper and let A be causal.

For all = € [0, 1], suppose the loop is well posed and 7A satisfies the IQC defined
by (iw). If

[ te) | M(iw) [ G 1<0 forwe [0.00]

then the feedback system is input/output stable.
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IQC Stability Theorem with Several IQCs

TA

G(s)

Let G(s) be stable and proper and let A be causal. For all T € [0, 1], suppose the
loop is well posed and T A satisfies the IQCs defined by IT; (iw), . .., I, (iw). If for
some 11,..., T >0

G0 Zrknk(zw)[ A 1<0 torwelox

then the feedback system is input/output stable.
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A structure (iw) Condition

A passive 19 o]

agoi<t [T 0 (i) 20
sel-1a [yl i X=X 20
5(t)€ [1.1] [ g7 ]
Ag)=e" -1 [x(iw)op ©r —x(()iw)] 2maxwf)§(;2;(9w/z)
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What have we learned today?

(]

Pulling out uncertainties gives a diagonal structure

Structured singular value u is natural for robust stability but not computable
exactly.

Robust performance equivalent to robust stability with augmented uncertainty.
D — K iterations as approach to u synthesis.
Integral Quadratic Constraints give general framework.

(]

e 6 ¢
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